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NONEXISTENCE OF SOME 4-REGULAR

INTEGRAL GRAPHS

Dragan Stevanovi�c

Using graph angles and previous results from [8] we show that a connected bipar-

tite 4-regular integral graph has at most 1260 vertices, except if it has one of �ve

exceptional spectra.

1. INTRODUCTION

A graph is called integral if all its eigenvalues are integers. The quest for
integral graphs was initiated by F. Harary and A. J. Schwenk [9]. All such
cubic graphs were obtained by D. Cvetkovi�c and F. C. Bussemaker [2,1], and
independently by A. J. Schwenk [10]. There are exactly thirteen cubic integral
graphs. In fact, D. Cvetkovi�c [2] proved that the set of regular integral graphs
of a �xed degree is �nite. Z. Radosavljevi�c and S. Simi�c [11] determined all
13 nonregular nonbipartite integral graphs whose maximum degree equals 4.

Recently, 4-regular integral graphs attracted some attention. D. Stevanovi�c
[12] determined all 24 4-regular integral graphs avoiding �3 in the spectrum. All
known 4-regular integral graphs are collected in paper [8] by D. Cvetkovi�c,

S. Simi�c and D. Stevanovi�c. The potential spectra of bipartite 4-regular in-
tegral graphs are also determined in [8]. They are quite numerous and it cannot
be expected that all 4-regular integral graphs will be determined in near future.

In this note we obtain nonexistence results for some of these potential spectra.
It follows from these results that, except for 5 exceptional spectra, bipartite 4-
regular integral graph has at most 1260 vertices. As a corollary, nonbipartite 4-
regular integral graph G has at most 630 vertices, unless G�K2 has one of these
exceptional spectra.

2. ANGLES OF 4-REGULAR BIPARTITE INTEGRAL GRAPHS

Let G be a 4-regular bipartite integral graph. Regular bipartite graphs have
the same number of vertices in each part so that we may assume that G has p = 2n
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vertices. Using superscripts to represent multiplicities, its spectrum may be written
in the form

[4; 3x; 2y; 1z; 02w;�1z;�2y;�3x;�4]; x; y; z; w � 0:

Further, let q and h denote the numbers of quadrilaterals and hexagons in G.

Let A be the adjacency matrix of G: Let fe1; e2; : : : ; e2ng constitute the
standard orthonormal basis for R2n

: Then A has spectral decomposition A =
�1P1 + �2P2 + : : : + �mPm; where �1 > �2 > : : : > �m are distinct eigenval-
ues of A and Pi represents the orthogonal projection of R2n onto the eigenspace
E(�i) associated with the eigenvalue �i: The nonnegative quantities �i;j = cos �i;j ;
where �i;j is the angle between E(�i) and ej ; are called angles of G: Graph angles
were �rst mentioned explicitly in [3], and their basic properties were described in
[4] and [6]. Further properties of angles can be found in monograph [7].

Since Pi represents orthogonal projection of R2n onto E(�i) we have �ij =
kPiejk: Since �

2
ij = kPiejk

2 = eTj Piej; the numbers �2
i;1; �

2
i;2; : : : ; �

2
i;2n appear on

the diagonal of Pi: Therefore
P2n

j=1�
2
i;j is equal to the multiplicity of �i: From the

spectral decomposition of A we have As =
Pm

i=1 �
s
iPi; whence

(As)j;j =

mX
i=1

�
2
ij�

s
i ;(1)

which is the number of closed walks of length s starting and terminating at vertex j:

The following two observations are taken from [6]. In regular graphs, eigen-
space corresponding to the index is spanned by the all-1 vector j; and hence all the
angles corresponding to the index are equal to 1p

2n
: Further, if � is an eigenvalue

of a bipartite graph, then the eigenvalues � and �� have the same angles.

Now, let j be the arbitrary, but �xed vertex of G. Let qj (resp. hj) denotes
the number of quadrilaterals (resp. hexagons) to which j belongs. If the neighbors

of j are u1; u2; : : : ; u4 then let Qj =
P4

i=1 qui
: For � 2 f�4;�3; : : : ; 4g let ��;j

be the angle which corresponds to the eigenvalue � and the vertex j (if � is not
the eigenvalue of G; then simply ��;j = 0). Since G is bipartite ��;j = ���;j and
from (1) we have the following system of equations

�
2
0;j+2�2

1;j+ 2�2
2;j+ 2�2

3;j+ 2�2
4;j = 1;(2)

2�2
1;j+ 4 � 2�2

2;j+ 9 � 2�2
3;j+ 16 � 2�2

4;j = 4;(3)

2�2
1;j+16 � 2�2

2;j+ 81 � 2�2
3;j+ 256 � 2�2

4;j = 28+2qj;(4)

2�2
1;j+64 � 2�2

2;j+729 � 2�2
3;j+4096 � 2�2

4;j = 232+28qj+2Qj+2hj :(5)

These equations generalize equations (1)-(4) from [8]. Namely, from the de�nition

of qj; Qj and hj we see that
P2n

j=1 qj = 4q;
P2n

j=1Qj = 4
P2n

j=1 qj = 16q andP2n
j=1 hj = 6h: Since

P2n
j=1 �

2
�;j is the multiplicity of �, we see that summing each

of (2)-(5) for all vertices j of G gives each of the equations (1)-(4) from [8].
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3. NONEXISTENCE RESULTS

In this section we shall disprove the existence of 4-regular integral graphs in
several cases, by using the technique which is an extension of the technique with
spectral moments used in previous work [2, 8], and which is based on the equations
(2)-(5) and the following observation.

Let f(j) = Aqj + BQj + Chj , where j is the vertex of G and A;B;C are

arbitrary constants. From
P2n

j=1 qj = 4q;
P2n

j=1Qj = 16q and
P2n

j=1 hj = 6h it
follows that

2nX
j=1

f(j) = 4Aq + 16Bq + 6Ch;

therefore there always exist vertices j0 and j00 of G such that

f(j0) �

�
2Aq + 8Bq + 3Ch

n

�
and f(j00) �

�
2Aq + 8Bq + 3Ch

n

�
:

These inequalities together with lower or upper bounds on f(j) are used to obtain
various inequalities including only the parameters n; q and h:

In the Subsection 3.1 we obtain the strongest such inequality, from which
follows that a bipartite 4-regular integral graph has at most 1260 vertices, except
for 5 exceptional spectra. In the remaining subsections we obtain some other in-
equalities from which follows the nonexistence of graphs with few more spectra.

3.1. Impossible spectra with x; y; z; w > 0

Using �4;j =
1p
2n

and eliminating �1;j; �2;j and �3;j from (2)-(5) we get

�
2
0;j =

35

n
�
Qj + hj

18
:(6)

From
P2n

j=1Qj + hj = 16q + 6h we see that there exists vertex j such that

Qj + hj �

�
8q + 3h

n

�
:(7)

Since �2
0;j � 0; from (6) and (7) it follows

n �

�
8q + 3h

n

�
� 630:(8)

This inequality is not satis�ed by 494 spectra from [8] for which x; y; z; w > 0
and n � 2520: It also follows that n > 630 is possible only if q = h = 0: Since there
are only 5 possible spectra with n > 630 and q = h = 0; we have the following

Theorem 1. A connected 4-regular bipartite integral graph has at most 1260 ver-

tices, unless it has one of the following spectra:
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a) [4; 3208; 2172; 1304; 070;�1304;�2172;�3208;�4] and 1440 vertices;

b) [4; 3244; 2196; 1364; 070;�1364;�2196;�3244;�4] and 1680 vertices;

c) [4; 3370; 2280; 1574; 070;�1574;�2280;�3370;�4] and 2520 vertices;

d) [4; 3496; 2364; 1784; 070;�1784;�2364;�3496;�4] and 3360 vertices;

e) [4; 3748; 2532; 11204; 070;�11204;�2532;�3748;�4] and 5040 vertices. 2

Given graphs G and H;with vertex sets V (G) and V (H); their product G�H
is the graph with vertex set V (G) � V (H) in which two vertices (x; a) and (y; b)
are adjacent if and only if x is adjacent to y in G and a is adjacent to b in H: If
�1; : : : ; �n are the eigenvalues of G; and �1; : : : ; �m are the eigenvalues of H; then
the eigenvalues of G � H are �i�j for i = 1; : : : ; n; j = 1; : : : ;m (see [7, p. 31]).
If G is connected nonbipartite 4-regular integral graph, then G�K2 is connected
bipartite 4-regular integral graph, since the eigenvalues of K2 are 1 and �1: Then
from Theorem 1 we obtain the following

Corollary 1. Connected 4-regular nonbipartite integral graph G has at most 630
vertices, unless G�K2 has one of the spectra a){e) from Theorem 1. 2

Remark. The inequality (8) is not satis�ed also by spectra from Table 5 in [8]
indicated by \|", except those with n = 630:

3.2. Other impossible spectra with x; y; z; w > 0

Since G is 4-regular, for any quadrilateral of G there are at most 8 vertices
that do not belong to that quadrilateral, but at least one of their neighbors belongs
to it. Since quadrilateral has 4 vertices, we conclude that there are at most (4+8)q
vertices of G with the property that either the vertex or one of its neighbors belongs
to some quadrilateral.

Therefore, if 2n > 12q then there are at least 2n�12q vertices (we may assume
they are labelled 1; 2; : : : ; 2n � 12q; : : :) that do not belong to any quadrilateral
together with their neighbors. Putting qj = Qj = 0 and �4;j =

1p
2n

in (2)-(5) and

eliminating �0;j; �2;j and �3;j we get

2�2
1;j =

1

2
�

56

n
+
hj

12
:

From 2�2
1;j � 0 it follows that n

�
1 +

hj

6

�
� 112: Since

P2n�12q
j=1 hj � 6h; there

exists a vertex j with qj = Qj = 0 and hj �

j
6h

2n�12q

k
; and we conclude that

n

�
1 +

1

6

�
3h

n� 6q

��
� 112:(9)

The spectra from [8] with x; y; z; w > 0 for which (9) is not satis�ed are shown in
Table 1.
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n x y z w q h

72 15 34 1 21 0 84
105 24 46 4 30 0 30
105 25 43 7 29 9 12

Table 1. Impossible integral graph spectra with x; y; z; w > 0:

3.3. Impossible spectra with x; y; z > 0; w = 0 and n = 630

Using the same reasoning as in the previous subsection we can see that there
are at most 12q+6h vertices in a 4-regular graph with the property that either the
vertex belongs either to some quadrilateral or some hexagon, or one of its neighbors
belongs to some quadrilateral.

From Table 5 in [8] we see that for all spectra with n = 630 the inequality
2n > 12q + 6h holds. Therefore there must exist a vertex j such that qj = Qj =
hj = 0: But for such vertex the equations (2)-(5) together with 2 � �2

4;j =
1
n
form

the impossible system, and we conclude that there is no graph with one of these
spectra.

3.4. Impossible spectra with x > 0; y = 0

Here �2;j = 0; �4;j =
1p
2n

and by eliminating �1;j and �3;j from (2)-(4) we
get

qj =
3

2
+

105

2n
+

9�2
0;j

2
�

3

2
+

105

2n
:

From
P2n

j=1 qj = 4q it follows that there exists a vertex j with qj �
�
2q
n

�
; so

3

2
+

105

2n
�

�
2q

n

�
:(10)

The spectra from Table 3 in [8] which do not satisfy (10) are shown in Table 2.

n x y z w q h

20 6 0 10 3 48 64
28 9 0 15 3 54 84
42 14 0 26 1 60 44

Table 2. Impossible integral graph spectra with x > 0; y = 0:
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