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Abstract

Let eigenvalues and angles between eigensubspaces and the axes of the
corresponding real vector space be given for a graph. Cvetković [2] gave
the method to construct the graph which is the supergraph of all graphs
with given eigenvalues and angles. Based on this, we describe branch &
bound algorithm for constructing all graphs with given eigenvalues and
angles.

1 Introduction

Let G be the graph on n vertices with adjacency matrix A. Let {e1, e2, . . . , en}
constitute the standard orthonormal basis for Rn. Then A has spectral decom-
position A = µ1P1 + µ2P2 + . . . + µmPm, where µ1 > µ2 > . . . > µm, and Pi

represents the orthogonal projection of Rn onto E(µi) (moreover P 2
i = Pi = PT

i ,
i = 1, . . . ,m; and PiPj = O, i 6= j). The nonnegative quantities αij = cosβij ,
where βij is the angle between E(µi) and ej , are called angles of G. Since
Pi represents orthogonal projection of Rn onto E(µi) we have αij = ‖Piej‖.
The sequence αij (j = 1, 2, . . . , n) is the ith eigenvalue angle sequence, αij

(i = 1, 2, . . . ,m) is the jth vertex angle sequence. The angle matrix A of G is
defined to be the matrix A = ‖αij‖m,n provided its columns (i.e. the vertex
angles sequences) are ordered lexicographically. The angle matrix is a graph
invariant.

The basic problem of spectral graph theory is how to construct all graphs
with given eigenvalues. This problem is very difficult and for now there is
no better method than to construct all graphs with given number of vertices
and select those which have the given eigenvalues. If we also consider angles,
beside eigenvalues, this problem becomes tractable. Cvetković [1] gave the first
algorithm for construction of trees with given eigenvalues and angles. Then
in [2] he gave the method that uses eigenvalues and angles only to construct
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the graph which is the supergraph of all graphs with given eigenvalues and
angles. Such supergraph is the quasi-graph in general case, which is described
in Section 5. If we also know the eigenvalues and angles of graph’s complement,
we can construct the fuzzy image of a graph, which enhances upon the quasi-
graph. In the case of trees, that supergraph is the quasi-bridge graph, whose
construction is much simpler than that of quasi-graph and fuzzy image. It is
described in Section 4.

Further, in [3] Cvetković gave the lower bound on distance between vertices
based on eigenvalues and angles of graph. In Section 3 we give new lower bound,
similar to this one and show that two are independent of each other. We also
give some statistical data on random graphs and trees.

Based on the lower bound on distance and the supergraph of all graphs with
given eigenvalues and angles, in Section 6 we give the branch & bound algorithm
to construct all graphs with given eigenvalues and angles.

2 Preliminary Lemmas

If the graph or vertex invariant can be determined provided the eigenvalues and
angles are known, then the invariant is called EA-reconstructible. The basic
property of angles is given in the following lemma (see [4, 5, 6]).

Lemma 2.1 The number of closed walks of length s starting and terminating
at vertex j is EA-reconstructible.

Proof Recall that the number of closed walks of length s starting and termi-

nating at vertex j is equal to a
(s)
jj , the (j, j)−entry of As. Since α2

ij = ‖Piej‖2 =

eT
j Piej , the numbers α2

i1, α
2
i2, . . . , α

2
in appear on the diagonal of Pi. From the

spectral decomposition of A we have

As =

m∑
i=1

µs
iPi,

whence

a
(s)
jj =

m∑
i=1

µs
iα

2
ij .(1)

2

Corollary 2.2 The degree dj of the vertex j, and the number tj of triangles
containing the vertex j, are given by

dj =

m∑
i=1

α2
ijµ

2
i , tj =

1

2

m∑
i=1

α2
ijµ

3
i .
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The following lemmas regarding EA-reconstructibility are taken from [1].

Lemma 2.3 Characteristic polynomials of vertex deleted subgraphs are EA-
reconstructible.

Proof We have

PG−i(λ) = PG(λ)

m∑
j=1

α2
ij

λ− µij
,

where PG(x), PG−i(λ) are the characteristic polynomials of G and G − i, re-
spectively. 2

Lemma 2.4 Vertices belonging to components whose index coincides with the
index of the graph are EA-reconstructible.

Proof By the Perron-Frobenius theory of nonnegative matrices, angles belong-
ing to µ1 are different from zero precisely for those vertices described in the
lemma. 2

Corollary 2.5 The properties of a graph being connected and of being discon-
nected are EA-reconstructible.

Lemma 2.6 The property of a graph of being a tree is EA-reconstructible.

Proof The number of vertices and the number of edges are clearly EA-recon-
structible. By Corrolary 2.5 the connectedness property is also EA-reconstruc-
tible. 2

A partition of the vertex set of G is called admissible if no edge of G con-
nects vertices from different parts; and subgraphs induced by the parts of an
admissible partition are called partial graphs (thus a partial graph is a union of
components, and the components are induced by the parts of the finest admis-
sible partition). The spectra and angles of these partial graphs are called the
partial spectra and partial angles corresponding to the original partition.

Lemma 2.7 ([5]) Given the eigenvalues, angles and an admissible partition
of the graph G, the corresponding partial spectra and partial angles of G are
determined uniquely.

Theorem 2.8 ([5]) Given the eigenvalues and angles of a graph G, there is
a uniquely determined admissible partition of G such that

(i) in each partial graph all components have the same index, and

(ii) any two partial graphs have different indices.
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3 Lower bounds on distances

From the spectral decomposition of A we have

a
(s)
jk =

m∑
i=1

µs
iPiej · Piek.

Since |Piej · Piek| ≤ ‖Piej‖ · ‖Piek‖ we get

a
(s)
jk ≤

m∑
i=1

|µs
i |αij αik.

Let d(j, k) be the distance between vertices j and k in G.

Lemma 3.1 (Cvetković [3]) If g = min {s :
∑m

i=1 |µs
i |αij αik ≥ 1}, then

d(j, k) ≥ g.

Lemma 3.2 If g = min {s :
∑m

i=1 |µ
s+2
i |αij αik ≥ dj + dk + δs−1 − s}, where

δs−1 is the sum of s − 1 smallest degrees of vertices other than j and k, then
d(j, k) ≥ g.

Proof Let j = w0, w1, . . . , wd(j,k) = k be the shortest path between j and k.
The number of paths of the length d(j, k) + 2 between j and k which have the
form

j = w0, . . . , wi, u, wi, . . . , wd(j,k) = k,

where u is arbitrary neighbor of wi, is at least dj +dk +δd(j,k)−1−d(j, k). Hence,
d(j, k) ≥ g. 2

Example. For the tree shown in Fig. 1 from Lemma 3.1 we have d(u, v)≥2,
while from Lemma 3.2 follows d(u, v)≥3. On the other hand, from Lemma 3.1
follows d(w, v)≥3, while Lemma 3.2 gives only that d(w, v)≥1. This shows that
lower bounds given in these lemmas are independent of each other. In order to
get better lower bound, one must then take the greater of the values given by
these lemmas. 2
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We tested the lower bound on distance, obtained from Lemmas 3.1 and 3.2,
on random graphs with 10, 20, 30, 40 and 50 vertices, having different edge
densities. The statistical results are shown in Table 1. The edge density is
shown in the first column, while in the remaining columns the percentages of
corresponding lower bounds are shown. For each interval of edge density we
took 100 random graphs. We omit from the table the cases when the lower
bound is trivial (i.e. equal to 1) for more than 99% of vertex pairs.

Graphs with small edge density have components with distinct eigenvalues,
s.t. the corresponding products of angles for the vertices from different compo-
nents are equal to 0. Then the lower bound on distance is equal to ∞.

Data from Table 1 clearly indicate that the quality of lower bound becomes
inferior with increase in edge density, as well as that in most cases the value of
the lower bound is at most 3.

In spite of that, in Table 2 we give statistical results obtained by testing lower
bound on random trees having from 10 to 48 vertices (100 random trees for each
number of vertices). Very curious fact with this table is that the sequences of
percentages for each number of vertices are unimodal. Also, one can notice
that even the vertical sequences of percentages are unimodal (with slight discord
which could be attributed to the randomness of chosen trees). This also holds
for random graphs if we consider only connected graphs.

4 Quasi-bridge graphs

The following theorem is proved in [2].

Theorem 4.1 Let uv be a bridge of a graph G. Then P 2
G + 4PG−uPG−v is a

square.

The necessary condition for two vertices u and v to be joined by a bridge,
provided by this theorem, is called the bridge condition. The quasi-bridge graph
QB(G) of the graph G is defined as the graph with the same vertices as G, with
two vertices adjacent if and only if they fulfill the bridge condition. If G is a
tree, then we obviously have that G is a spanning tree of QB(G).

The bridge condition is not sufficient for the existence of the bridge. Example
is given in Fig. 2. On the other hand, there are trees for which the equality
QB(G) = G holds. Such examples are the stars Sn and the double stars DSm,n

with m 6= n (see [9]).
Here we deal with the number of quasi-bridges in trees. In Table 3 we

give the statistical results obtained by determining the number of quasi-bridges
in random trees which had from 5 up to 30 vertices, where for each number
of vertices we randomly chose 100 trees. The number of vertices is shown in
the first column, while the minimum, maximum and the average number of
quasi-bridges in these trees are shown in the second, third and fourth column,
respectively.
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10 vertices d = 1 d = 2 d = 3 d > 3 d =∞
0-10% 9.22 3.20 0.56 0.04 86.98
10-20% 23.87 18.13 4.42 0.34 53.24
20-30% 38.80 30.38 6.84 0.36 23.62
30-40% 62.22 29.73 2.98 0.11 4.96
40-50% 78.31 19.42 0.87 0.02 1.38
50-60% 88.16 11.71 0.13
60-70% 95.71 4.29
70-80% 98.82 1.18

20 vertices d = 1 d = 2 d = 3 d > 3 d =∞
0-10% 9.99 9.94 4.98 0.98 74.11
10-20% 38.89 36.27 8.62 1.00 15.22
20-30% 75.05 23.22 1.04 0.69
30-40% 93.04 6.89 0.07
40-50% 98.92 1.08

30 vertices d = 1 d = 2 d = 3 d > 3 d =∞
0-5% 6.02 4.22 2.17 0.41 87.18
5-10% 21.18 32.74 13.34 3.68 29.06
10-15% 48.53 39.55 5.83 3.43 2.66
15-20% 75.23 23.09 0.87 0.81
20-25% 90.31 9.54 0.08 0.07
25-30% 97.31 2.69

40 vertices d = 1 d = 2 d = 3 d > 3 d =∞
0-5% 6.60 8.54 5.58 6.17 73.11
5-10% 29.45 41.59 12.31 11.92 4.73
10-15% 68.30 28.49 1.72 1.44 0.05
15-20% 90.27 9.51 0.07 0.15
20-25% 98.20 1.80

50 vertices d = 1 d = 2 d = 3 d > 3 d =∞
0-5% 7.74 14.46 8.55 20.06 49.19
5-10% 44.84 40.62 7.27 6.85 0.42
10-15% 83.36 15.72 0.43 0.49
15-20% 96.92 3.04

Table 1: Lower bound on distance in random graphs.
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vertices d = 1 d = 2 d = 3 d = 4 d = 5 d = 6
10 27.93 42.16 26.20 3.42 0.29
11 26.16 41.02 28.33 4.15 0.35
12 23.86 41.38 29.14 5.03 0.59
13 21.35 41.00 31.40 5.95 0.31
14 20.42 40.56 31.71 6.59 0.67 0.04
15 18.72 39.10 33.19 7.94 0.95 0.08
16 18.54 38.83 32.94 8.47 1.08 0.12
17 16.81 37.76 33.84 9.90 1.58 0.11
18 15.82 38.61 34.33 9.84 1.31 0.09
19 14.58 36.42 35.12 11.67 1.92 0.26
20 14.51 37.03 35.67 11.06 1.61 0.12
21 13.78 35.47 35.83 12.78 1.91 0.21
22 12.88 35.41 36.65 12.77 2.06 0.21
23 12.43 34.48 36.82 13.66 2.29 0.31
24 11.74 33.20 36.96 14.89 2.89 0.31
25 11.53 33.22 37.12 14.98 2.83 0.31
26 10.82 32.62 37.21 15.52 3.35 0.46
27 10.21 32.08 37.50 16.35 3.29 0.50
28 10.50 31.47 36.55 17.03 3.81 0.57
29 9.67 30.29 37.11 18.02 4.22 0.63
30 9.29 30.66 37.98 17.55 3.91 0.56
31 9.14 30.09 37.47 18.12 4.35 0.73
32 8.85 30.19 38.38 18.24 3.76 0.52
33 8.70 29.52 37.55 18.74 4.69 0.70
34 8.44 28.53 37.88 19.73 4.61 0.75
35 8.20 27.99 37.07 20.18 5.51 0.94
36 7.84 27.47 37.59 20.39 5.67 0.94
37 7.68 27.33 37.30 20.70 5.64 1.13
38 7.62 27.10 37.54 21.23 5.49 0.91
39 7.27 26.64 37.22 21.53 6.11 1.08
40 7.09 26.37 37.61 21.75 6.01 1.04
41 6.85 25.57 37.07 22.10 6.77 1.39
42 6.72 25.70 37.57 22.50 6.38 1.02
43 6.58 25.74 37.21 22.22 6.72 1.34
44 6.47 24.66 36.99 22.91 7.18 1.52
45 6.34 24.44 37.02 23.22 7.33 1.43
46 6.06 24.07 37.01 23.78 7.44 1.43
47 6.00 22.99 35.85 24.11 8.56 2.09
48 5.95 23.33 36.45 23.95 8.13 1.80

Table 2: Lower bound on distance in random trees.
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Figure 2: A graph G and the corresponding quasi-bridge graph QB(G).

vertices min max average
5 4 6 4.66
6 5 9 6.74
7 6 12 6.90
8 7 13 8.76
9 8 20 9.36
10 9 21 10.96
11 10 18 11.16
12 11 23 12.18
13 12 30 13.34
14 13 25 14.61
15 14 28 15.48
16 15 33 16.70
17 16 24 17.46

vertices min max average
18 17 31 18.66
19 18 30 19.70
20 19 31 21.00
21 20 34 21.52
22 21 35 22.74
23 22 38 23.94
24 23 37 24.70
25 24 46 26.54
26 25 49 27.42
27 26 44 28.70
28 27 39 29.18
29 28 50 30.48
30 29 47 31.70

Table 3: Quasi-bridges in random trees.
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e(T ) = 2a e(T ∗) = a2 + a

T ∗T

⇒ ⊆ QB(T )

Figure 3: QB(T ) can have many edges.
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Data from this table show that many small random trees satisfy QB(G)=G.
On the other hand, Cvetković [1] showed that for almost every tree G there is a
nonisomorphic cospectral mate G′ with the same angles. Hence, both G and G′

must be spanning trees of QB(G′), and for almost every tree QB(G) 6= G.
Despite it cannot be seen from Table 3 it holds that e(QB(T )) = Θ(e(T )2),

where e(G) is the number of edges of G. One example is shown in Fig. 3. It
is rooted tree of depth 2 where the root has a descendants, and each of them
has exactly one descendant. All neighbors of root are similar, hence they have
the same vertex-deleted characteristic polynomial. The same holds for all leafs.
Since the bridge condition is satisfied for at least one pair of vertices consisting
of a neighbor of a root and a leaf, it is also satisfied for all pairs of vertices
consisting of an arbitrary neighbor of a root and an arbitrary leaf. Hence tree
T ∗ from Fig. 3 is spanning subgraph of QB(T ). Further examples consist of
rooted trees regular in the following sense: all nodes on the same level have the
same number of descendants.

5 Quasi-graphs and fuzzy images

The following theorem is also proved in [2].

Theorem 5.1 Let G be a graph with n vertices and m edges, and let uv be an
edge of G. Then there exists a polynomial q(x) of degree at most n−3 such that

(xn − (m− 1)xn−2 + q(x))PG(x) + PG−u(x)PG−v(x) is a square.

The necessary condition for two vertices u and v to be adjacent, provided by
this theorem, is called the edge condition. The quasi-graph Q(G) of the graph G
is defined as the graph with the same vertices as G, with two vertices adjacent
if and only if they fulfill the edge condition. Obviously, any graph is spanning
subgraph of its quasi-graph.

Just as the edge condition in G is a necessary condition for adjacency in G,
so the edge condition in G is a necessary condition for non-adjacency in G. Any
two distinct vertices of G are adjacent either in Q(G) or in Q(G). If they are
adjacent in one and not adjacent in the other, then their status coincides with
that in Q(G). Thus, the fuzzy image FI(G) is defined as the graph with the
same vertex set as G and two kinds of edges, solid and fuzzy. Vertices u and v
of FI(G) are

1) non-adjacent if they are non-adjacent in Q(G) and adjacent in Q(G);

2) joined by a solid edge if they are adjacent in Q(G) and non-adjacent in
Q(G);

3) joined by a fuzzy edge if they are adjacent in both Q(G) and Q(G).
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For the construction of FI(G) we must know the eigenvalues and angles of G.
If G is regular and both G and G are connected then this information is already
known from the eigenvalues and angles of G [5].

Except for small values of n (up to 4), it is very difficult to use the edge
condition practically. Since the coefficients of the characteristic polynomials are
integers, we can use the following weaker corollary.

Corollary 5.2 Let G be a graph with n vertices, and let uv be an edge of G.
Then PG−u(n)PG−v(n) is quadratic residue modulus PG(n) for every n ∈ Z.

Using Corollary 5.2 caused great loss of information. Namely, for regular
graphs we got that usually only few pairs of vertices are not joined by fuzzy
edge in the fuzzy image. Thus, the problem of the implementation of the edge
condition still remains.

6 The Constructing Algorithm

The algorithm presented at the end of this section is of branch & bound type.
It does not assume anything about the graph connectedness, but in the case of
non-connected graphs, we can simplify the construction. Namely, we can find
the partial eigenvalues and angles from Theorem 2.8. Then for each of these
we construct all partial graphs with those eigenvalues and angles, after what we
have to make all the combinations of the obtained partial graphs.

Before the algorithm enters the main loop, it determines the graph G∗ that
is the supergraph of all graphs with given eigenvalues and angles. Let G denote
the fictious graph with given eigenvalues and angles, with vertex set V (G) and
edge set E(G). In the case of trees we have G∗ = QB(G), in the case of regular
connected graphs with connected complements G∗ = FI(G), while in other
cases G∗ = Q(G). Then for each pair (u, v) of vertices, algorithm determines
the lower bound dl(u, v) on distance in G between vertices u and v, based on
Lemmas 3.1 and 3.2.

At level 0 we arbitrarily choose the vertex v1, and pass to the level 1, where
it enters the main loop. When we come at level i (i ≥ 1) we have already
constructed the subgraph Gi induced by vertices v1, v2, . . . , vi. Then we choose
the vertex vi+1 from the set of remaining vertices, select its neighbors from the
set {v1, v2, . . . , vi}, and pass to the next level, until G is constructed in whole.

The fact that at each level we know the induced subgraph of G provides us
with the possibility of using the following well-known theorem.

Theorem 6.1 (see, for example, [7], p. 119) Let A be a Hermitian matrix with
eigenvalues λ1 ≥ λ2 ≥ . . . ≥ λn and let B be one of its principal submatrices.
If the eigenvalues of B are ν1 ≥ ν2 ≥ . . . νm then λi ≥ νi ≥ λn−m+i (i =
1, 2, . . . ,m).
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The inequalities of Theorem 6.1 are known as Cauchy’s inequalities and the
whole theorem as the Interlacing theorem. If Cauchy’s inequalities are not
satisfied for Gi, then we are not on the good way, i.e. Gi must not be the
induced subgraph of G and we must return to previous level.

Suppose the algorithm is currently at the level i. Let dGi
v denote the degree

of v in Gi. If for some vertex u of Gi holds that

dGi
u + |{v ∈ V (G)− V (Gi) : (u, v) ∈ E(G∗)}| = du,

then we say that u is forced at level i, because u must be adjacent in G to all
the vertices from V (G)− V (Gi) it is adjacent to in G∗.

Next we have to select the vertex vi+1. Consider an arbitrary vertex v ∈
V (G) − V (Gi), for which we introduce the following parameters. In the case
that G∗ = FI(G) let

s−v = |{u ∈ V (Gi) : (u, v) is solid edge in FI(G)}|
s+v = |{u ∈ V (G)− V (Gi) : (u, v) is solid edge in FI(G)}|,
ov = |{u ∈ V (Gi) : (u, v) ∈ E(G∗), u is forced and (u, v) is fuzzy edge}|.

In other cases, let s−v = s+v = 0 and

ov = |{u ∈ V (Gi) : (u, v) ∈ E(G∗) and u is forced}|.

Finally, let

f−v = |{u ∈ V (Gi) : (u, v) ∈ E(G∗)}| − s−v − ov,
f+v = |{u ∈ V (G)− V (Gi) : (u, v) ∈ E(G∗)}| − s+v .

Off course, it follows that v must be adjacent to s−v +ov vertices of Gi. Based
on these parameters, we can determine the smallest mv and the largest Mv

possible number of the remaining vertices of Gi that may be set as the neighbors
of v in Gi+1:

mv = max {0, dv − (s−v + s+v )− f+v − ov},(2)

Mv = min {f−v , dv − s−v − ov}.(3)

Vertex v may be adjacent to at most f+v + s+v vertices from V (G)− V (Gi), and
since it has degree dv in G, it follows that mv ≥ dv − (s−v + s+v ) − f+v − ov.
Since mv is non-negative, the equation (2) holds. On the other hand, v must be
adjacent to s−v + ov vertices from V (Gi). Then the inequality Mv ≤ f−v follows
from the fact that v may be adjacent to a vertex of Gi only if it is adjacent
to that vertex in G∗, while the inequality Mv ≤ dv − s−v − ov holds since v is
adjacent to at most dv vertices of Gi. If for any v holds that Mv < mv we have
to return to previous level.
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If we select the vertex v as vi+1 then the number of neighborhoods of v in
the set {v1, v2, . . . , vi} that have to be examined at this level is equal to

Nv =

(
f−v
mv

)
+

(
f−v

mv + 1

)
+ . . .+

(
f−v
Mv

)
=

(
f−v
mv

)
+

(
f−v
mv

)
f−v −mv

mv + 1
+. . .+

(
f−v
mv

)
(f−v −mv)·. . .·(f−v −Mv+1)

(mv+1)·. . .·Mv

=

(
f−v
mv

)(
1+

f−v −mv

mv+1

(
1+. . .+

f−v −Mv+2

Mv−1

(
1+

f−v −Mv+1

Mv

)
. . .

))
.

Hence, as the vertex vi+1 we choose the vertex v which minimizes the value Nv

(in the algorithm we use the value logNv computed using Stirling’s formula).

Once the vertex vi+1 is selected, we have to specify its neighbors from the set
{v1, . . . , vi} in order to construct the graph Gi+1 completely. Let us introduce
the following conditions that are applied in the algorithm:

(i) degree condition at level i is satisfied if for every vertex v of Gi+1 the degree
of v in Gi+1 is not greater than the degree of v in G (see Corollary 2.2).

(ii) triangle condition at level i is satisfied if for vertex v of Gi+1 the number of
triangles in Gi+1 containing v is not greater than the number of triangles
of G containing v (see Corollary 2.2).

(iii) distance-3 condition at level i is satisfied if for every pair (u, v) of vertices
of Gi+1 for which dl(u, v) ≥ 3 holds that u and v don’t have the common
neighbor in Gi+1.

Denote by Fi+1 the set of forced vertices from {v1, . . . , vi} that are neighbors
of vi+1 in G∗. In case that G∗ = FI(G) we also put into Fi+1 those vertices
from {v1, . . . , vi} that are connected by solid edge to vi+1 in FI(G). Off course,
vertices from Fi+1 must be adjacent to vi+1 in Gi+1. If any of the above condi-
tions is not satisfied when we join vi+1 to the vertices from Fi+1 then we have
to return to the previous level. The neighborhood S ⊆ {v1, . . . , vi} of vi+1 con-
sisting of nonforced vertices must be such that also none of above conditions is
broken. If any of the conditions is broken, we have to select the lexicographically
nearest neighborhood satisfying them. This new neighborhood must not be the
superset of the one that does not satisfy them, due to the monotonicity of the
conditions. If there is no such neighborhood, we have to return to the previous
level.

We return to the previous level in the backward phase of the algorithm.
Notice that when we are looking for the next neighborhood of nonforced vertices
to be examined we allow it to be the superset of the current one.
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The Constructing Algorithm
Input: Eigenvalues and angles of a graph.
Output: All graphs with given eigenvalues and angles.

begin
find the supergraph G∗

for all pairs (u, v) find dl(u, v)
choose vertex v1

i=1
1. Forward phase

while i > 0
if i is equal to the number of vertices then

if the constructed graph has given eigenvalues and angles
then print the graph

else
check whether any of the vertices v1, . . . , vi is forced at this level?
for each v ∈ V (G)− V (Gi) find the smallest mv and
the largest Mv possible degree of v in Gi+1

if the Cauchy’s inequalities hold for Gi

and mv ≤Mv for each v ∈ V (G)− V (Gi)
then

select vertex vi+1

determine the set Fi+1

if Fi+1 does not break any condition then
find the lexicographically smallest neighborhood Si+1 of vi+1

consisting of non-forced vertices of Gi (mvi+1
≤ |S| ≤Mvi+1

)
while Si+1 does not satisfy conditions

find the next such neighborhood Si+1 of vi+1

that is not the superset of the previous one
if Si+1 exists then
Gi+1 ← Gi ∪ {vi+1} × (Fi+1 ∪ Si+1)
i← i+ 1
goto 1.

i← i− 1
2. Backward phase

while i > 1
if some vertex became forced at level i+ 1
then it is no longer forced
find the next set Si+1 of non-forced neighbors
that may be the superset of the previous one
while Si+1 does not satisfy conditions
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find the next set Si+1 of non-forced neighbors
that is not the superset of the previous one

if Si+1 exists then
Gi+1 ← Gi ∪ {vi+1} × (Fi+1 ∪ Si+1)
i← i+ 1
goto 1.

else
i← i− 1
goto 2.

end.
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