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Abstract

Spherical graphs are graphs in which every interval is antipodal, and represent an
interesting generalization of hypercubes (a graph G is a hypercube if and only if G
is spherical and bipartite). Besides hypercubes, there are many interesting examples
of spherical graphs that appear in design theory, coding theory and geometry e.g. the
Johnson graphs, the Gewirtz graph, the coset graph of the binary Golay code, the Gosset
graph, and the Schläfli graph, to name a few. In this paper we study the structure of
spherical graphs. In particular, we classify a subclass of these graphs consisting of what
we call the strongly spherical graphs. Besides other consequences, this allows us to
prove that if G is a triangle-free spherical graph then any interval in G must induce
a hypercube, thus providing a proof for a conjecture due to Berrachedi, Havel and
Mulder.

1 Introduction

In this paper, all graphs are simple and finite. Given a connected graph G = (V, E) and
vertices u, v ∈ V let dG(u, v) = d(u, v) denote the length of any geodesic between u and v
in G. In addition, define the interval between u and v to be the subset of V given by

[u, v]G = [u, v] = {w ∈ V : d(u, v) = d(u,w) + d(w, v)}.

We call a graph G = (V,E) spherical if given any interval [u, v] in V with u, v ∈ V and
any w ∈ [u, v], there exists precisely one vertex x ∈ [u, v] with [w, x] = [u, v]. We call x the
antipodal vertex of w in [u, v].

Spherical graphs were introduced in [2] and represent an interesting generalization of
hypercubes. In particular, a graph G is a hypercube if and only if G is spherical and
bipartite [2]. Spherical graphs enjoy several nice properties; for example, they are regular
and the direct product of two connected graphs is spherical if and only if both of the graphs
are spherical. Moreover, there are several important examples of spherical graphs which –
extending the list given in [2] – include the following:

(i) Hypercubes Q(n), n ≥ 1.

(ii) Cocktail Party graphs CP (n), n ≥ 2.

(iii) Johnson graphs J(n, t), n ≥ 2t ≥ 2 [3, p. 114].

(iv) Halved n-cubes, n ≥ 2 [3, p. 264].

(v) Folded (2n + 1)-cubes, n ≥ 2 [3, p. 264].

(vi) Folded halved (4n + 2)-cubes, n ≥ 1 [3, p. 264].
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(vii) Strongly regular graphs [3, p. 3] with parameters λ ≤ 1 and µ = 2, e.g., the Gewirtz
graph [4] (with λ = 0, µ = 2 and degree 10) and the Berlekamp-Van Lint-Seidel graph
[1] (with λ = 1, µ = 2 and degree 22).

(viii) Complete graphs, Kn, n ≥ 2.

(ix) The coset graph of the binary Golay code [1], [3, p. 361].

(x) The Gosset graph [3, p. 103].

(xi) The Schläfli graph [3, p. 103].

Although several results are given in [2] concerning the structure of spherical graphs,
there is still much to be understood on this topic. As a first step in this direction, we will
provide a complete classification of a subclass of the spherical graphs, the strongly spherical
graphs. As we shall see, the subgraph induced on any interval of a spherical graph is strongly
spherical (Lemma 2.1) – indeed this motivated the definition of strongly spherical graphs –
and hence our classification of the strongly spherical graphs provides us with the structure
of the intervals of a spherical graph. We are confident that in future it will be possible to
use this information to obtain a complete classification of the spherical graphs.

Before defining strongly spherical graphs we first recall the definition of a related type
of graph. We call a graph G = (V,E) antipodal if for every vertex u ∈ V there exists some
vertex v ∈ V with [u, v] = V . The vertex v is said to be the antipode of u in G. Note that
there is unique antipodal graph of diameter 1, namely the edge – which also corresponds
to the halved 2-cube and the Johnson graph J(2, 1) – and that an antipodal graph with
diameter 2 must be a Cocktail Party graph. In addition, if G is an antipodal graph, then
it is straight-forward to see that the map which sends each vertex to its antipode is an
automorphism of G.

We say that a graph is strongly spherical if it is both antipodal and spherical. As with
spherical graphs, the properties of being antipodal or strongly spherical are both preserved
under taking direct products. In fact, for strongly sphercial graphs we can say even more.
The main result of this paper, which we prove in Section 4, is as follows (note that an
antipodal Johnson graph must be of the form J(2n, n), n ≥ 1, and that an antipodal
halved cube is a halved 2n-cube, n ≥ 1).

Theorem 1.1 Suppose that G is a strongly spherical graph. Then G is isomorphic to the
direct product of graphs G1 × . . . × Gm, where m is some positive integer and Gi is either
an antipodal Johnson graph, an antipodal halved cube, a Gosset graph or a Cocktail Party
graph for each 1 ≤ i ≤ m.

In [2] it was conjectured that if G is triangle-free spherical graph, then any interval of G
must induce a hypercube. As a consequence of Theorem 1.1, we see that this conjecture is
true. In particular, since the Johnson graph J(2n, n) (n ≥ 2), the halved 2n-cube (n ≥ 2),
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the Cocktail Party graph CP (n) (n ≥ 3), and the Gosset graph all contain a triangle, it
follows by Theorem 1.1 that the following result holds.

Corollary 1.2 Supose that G is a triangle-free spherical graph.

(i) If G is antipodal (i.e. G is strongly spherical), then G is a hypercube.

(ii) For any two vertices x, y of G the subgraph induced by G on [x, y] is a d(x, y)-cube.
In particular, G is interval-regular (see Section 2 for the definition of this last term).

Remark 1.3 The last corollary also holds in case when, instead of assuming that G is
triangle-free, we assume that every edge of G is contained in at most one triangle.

As a direct consequence of this last corollary together with [3, Proposition 4.3.6] we
obtain the following result concerning the structure of spherical graphs which contain no
triangles or pentagons.

Corollary 1.4 Suppose that G is a spherical graph with degree k ≥ 1, not containing
triangles or pentagons. Then there exists a map from the vertex set of the k-cube Qk to the
vertex set of G that preserves distances up to 3 (i.e. any pair of vertices that are at most
3 apart in Qk is mapped to a pair of vertices in G that are the same distance apart). In
particular, the number of vertices of G must equal some power of 2.

In view of this corollary, we suspect that it should not be too hard to classify the
triangle-free spherical graphs (i.e. find a complete list of all such graphs). This would be
of interest since, for example, there is no classification yet known for the class of triangle-
free, interval-regular, distance-regular graphs, which is precisely the class of triangle-free
spherical graphs that are in addition distance-regular (note that hypercubes only cover
triangle-free, interval-regular, distance-regular graphs that are in addition pentagon-free).
In particular, if G is a triangle-free spherical graph with degree k ≥ 3 and diameter at least
3 and G is not the direct product of two other graphs, then we conjecture that there exists
a map from the vertex set of Qk to the vertex set of G that preserves distances up to 2
(note that this conjecture does not hold in case the diameter of G is 2, e.g. the Gewirtz
graph provides a counter-example). If this conjecture held then, for example, the preimages
of this map would be certain special codes in the hypercube, |V | would be a power of two,
and the eigenvalues of G would be integral.

We conclude this introduction with a brief summary of the contents of this paper. In the
next section we prove that spherical graphs are degree-regular. In Section 3 we classify the
locally-connected strongly spherical graphs (see Proposition 3.2). This classification follows
mainly from the fact that, as we shall show, locally-connected strongly spherical graphs are
distance-regular. In Section 4, we prove the main theorem by, in essence, showing that
any strongly spherical graph must be the direct product of two locally connected strongly
spherical graphs and applying the classification of these graphs derived in the previous
section.
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2 Regularity of spherical graphs

We begin this section with a key lemma. Recall that if G is a connected graph, then
a subgraph H of G is an isometric subgraph of G if dH(x, y) = dG(x, y) holds for all
x, y ∈ V (G).

Lemma 2.1 Suppose that G is a spherical graph. If x, y ∈ V (G), then the subgraph induced
on [x, y] is an isometric subgraph of G. In particular, this subgraph is spherical and, hence,
strongly spherical.

Proof: Suppose u, z ∈ [x, y]. By definition, there exists a vertex v ∈ [x, y] with [u, v] = [x, y].
But z ∈ [u, v] and hence [u, z] ⊆ [u, v] = [x, y]. It immediately follows that the distance
between u and z in [x, y] equals dG(u, z) and, since u, z were arbitrary, this completes the
proof of lemma.

Before proving the main result of this section, we first recall some definitions concerning
regularity of graphs. Given a connected graph G = (V, E) with diameter D and some x ∈ V ,
we define

NG
i (x) = {y ∈ V : d(x, y) = i},

where 0 ≤ i ≤ D is an integer, and denote by Gi(x) the subgraph induced by G on NG
i (x).

We also put NG(x) = NG
1 (x) and G(x) = G1(x). In addition,

• G is called degree-regular if for any u, v ∈ V we have |NG
i (u)| = |NG

i (v)| for all
0 ≤ i ≤ D (so, in particular, any degree-regular graph is also regular);

• G is called interval-regular if, for each pair of vertices u, v ∈ V with d(u, v) = i, the
number of vertices in Gi−1(v) adjacent to u equals i (1 ≤ i ≤ D) (cf. [5]);

• G is called distance-regular if it is regular (denote its degree by k) and the following
holds: There are natural numbers b0 = k, b1, . . . , bD−1 and c1 = 1, c2, . . . , cD (called
intersection numbers) such that for each pair of vertices in G satisfying d(u, v) = i
we have (1) the number of vertices in Gi−1(v) adjacent to u is ci (1 ≤ i ≤ D), and
(2) the number of vertices in Gi+1(v) adjacent to u is bi (0 ≤ i ≤ D − 1). We put
aj := k − bj − cj for 1 ≤ j ≤ D − 1, and aD := k − cD.

The following result generalizes [2, Lemma 2 (ii)] in which it is shown that any spherical
graph is regular.

Proposition 2.2 A spherical graph is degree-regular.

Proof: Suppose that G is a spherical graph with diameter D, and that u and v are adjacent
vertices of V (G). Suppose in addition that x is an arbitrary vertex in NG

i (u) ∩ NG
i−1(v)
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for some 1 ≤ i ≤ D. By Lemma 2.1 the subgraph H induced on [x, u] is antipodal. Since
d(x, v) = i − 1, d(x, u) = i and d(u, v) = 1, the vertex v is contained in [x, u]. Let x′ be
the unique antipode of v inside H so that, in particular, [x, u] = [x′, v] holds. Then, since
d(x′, v) = i, x ∈ [x′, v], and d(x, u) = i all hold, it follows that x′ is adjacent to x, and since
x′ ∈ [x, u] it follows that x′ ∈ NG

i (v) ∩ NG
i−1(u) must also hold. Moreover, x′ is the only

vertex in NG
i (v) ∩NG

i−1(u) that is adjacent to x, since if x′′ ∈ NG
i (v) ∩NG

i−1(u) is adjacent
to x, then x′′ ∈ [x, u] and, as d(x′′, v) = i, it follows that x′′ is the antipode of v in [x, u]
and so x′ = x′′.

In view of these considerations, it follows that the mapping from NG
i (u) ∩ NG

i−1(v)
to NG

i (v) ∩ NG
i−1(u) that takes any x in NG

i (u) ∩ NG
i−1(v) to its unique neighbor x′ in

NG
i (v) ∩ NG

i−1(u) is an injection and hence, using symmetry, that |NG
i (u) ∩ NG

i−1(v)| =
|NG

i (v) ∩NG
i−1(u)| must hold. As

NG
i (u) = (NG

i (u) ∩NG
i−1(v)) ∪ (NG

i (u) ∩NG
i (v)) ∪ (NG

i (u) ∩NG
i+1(v))

holds, it immediately follows that |NG
i (v)| = |NG

i (u)| must also hold. Since G is connected
it thus follows that G is degree-regular.

3 Locally connected strongly spherical graphs

In this section, we determine the structure of locally connected strongly spherical graphs.
We begin with a result concerning the local structure of a strongly spherical graph.

Proposition 3.1 Suppose that G is a strongly spherical graph and x ∈ V (G). If C is a
connected component of G(x), then C is an isometric subgraph of G. In particular C is
spherical.

Proof: Suppose that G is a strongly spherical graph with diameter D ≥ 2. We use induction
on D to show that if x ∈ V (G) and C is a connected component of G(x), then C is an
isometric subgraph of G.

If D = 2 holds, then G is a Cocktail Party graph so the conclusion clearly holds.
Suppose D ≥ 3 and that C is not an isometric subgraph of G. Then there must exist

vertices x1, x2, x3, x4 ∈ V (C) for which x1, x2, x3, x4 is a shortest path connecting x1 and
x4 in C.

Since the graph induced by G on [x1, x4] is an isometric subgraph of G with diameter
2, it is a Cocktail Party graph and hence NG(x1) ∩NG(x4) has cardinality 2.

Suppose y ∈ NG(x1) ∩NG(x4) with y distinct from x. Let x′ be the antipodal of x in
G. Then there must exists some geodesic y, z1, z2, . . . , zD−3, x

′ in G. Put z = zD−3. Then
clearly d(x1, z) = d(x4, z) = D − 2 and d(z, x) = D − 1.
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Now, suppose d(x2, z) = D − 2 holds. If x′′ is the antipode of x in [x2, x4], then
d(x′′, z) = D − 3 holds and, since x3 is adjacent to x′′, we see that d(x2, z) = D − 2
must also hold. But then – applying the inductive hypothesis to [x, z] – we see that any
connected component of G(x)∩ [x, z] must be an isometric subgraph of [x, z]. In particular,
x1, x2, x3, x4 is not a geodesic between x1 and x4 in [x, z], which is a contradiction.

By symmetry it follows that d(x2, z) = d(x3, z) = D − 1 must hold. Now, suppose
y′ ∈ V (G) is a vertex distinct from x3, adjacent to x2 and x4, but not adjacent to x3, so
that d(y′, z) = D − 1 holds. Note that a vertex y′ with these properties must exist since
the subgraph induced by G on [x2, x4] is a Cocktail Party graph.

Suppose z′ is the antipode of z in G, so that d(z, z′) = D holds. Then z′ must be adjacent
to x2, x3 and y′, but not adjacent to x4. Hence x2, x4 and z′ are common neighbors of y′ and
x3, but x4 is not adjacent to either z′ or x2. But this is a contradiction since the subgraph
induced by G on [y′, x3] is a Cocktail Party graph. This final contradiction completes the
proof of the proposition.

It would be interesting to know whether or not this last proposition also holds for
spherical graphs.

Recall that a graph G is locally connected if for every vertex x ∈ V (G) the graph G(x) is
connected. We now give a classification of the locally connected strongly spherical graphs.

Proposition 3.2 Suppose that G is a locally connected strongly spherical graph with diam-
eter D ≥ 2. Then the following statements hold:

• If D = 2 holds, then G is a Cocktail Party graph.

• If D = 3 holds, then G is either the Gosset graph, J(6,3) or the halved 6-cube.

• If D ≥ 4 holds, then G is either J(2D, D) or the halved 2D-cube.

Proof: Suppose that x and y are any pair of vertices in V = V (G) with d(x, y) ≥ 2. Define
H to be the graph H induced by G on [x, y].

Claim 1: The graph H is locally connected.

We must show that H(z) is connected for all z ∈ V (H). Note that, since G is spherical,
for every z ∈ V (H) there exists some vertex z′ ∈ [x, y] with [z, z′] = [x, y]. Hence, since we
can interchange the roles of z and x, it suffices to show that H(x) is connected.

Suppose u, v are non-adjacent vertices of H(x). We show that there is a path joining u
and v in H(x). By Proposition 3.1, G(x) is an isometric subgraph of G. Hence there exists
a vertex w which is common neighbor of x, u and v. But [u, v] ⊆ [x, y] and thus w ∈ [x, y].
Hence w is a vertex of H(x) and u,w, v is a path in H(x). This completes the proof of
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Claim 1.

Now suppose that x, y are vertices of G with d(x, y) = D − 1. Let H be the graph
induced by G on [x, y]. Note that H is strongly spherical and by Claim 1 it is also locally
connected. Thus, by induction, H is either isomorphic to a Cocktail Party graph in case
D = 3 holds, the Gosset graph, the Johnson graph J(6, 3) or the halved 6-cube in case
D = 4 holds, or the Johnson graph J(2(D− 1), D− 1) or the halved 2(D− 1)-cube in case
D ≥ 5 holds.

Claim 2: There exists a natural number qD−1 so that |NG(x) ∩ NG
D−2(y)| = qD−1 holds

for any pair of vertices x, y ∈ V with d(x, y) = D − 1.

Suppose that x, y are vertices in V with d(x, y) = D − 1. Since G and G(y) are spherical
they are also regular. Let k be the degree of G and λ the degree of G(y).

Suppose that y′ is the antipode of y in G. Then G(y′) is regular with degree λ and
x ∈ NG(y′). But λ = |NG(y′) ∩NG(x)|. Thus, as NG(y′) = NG

D−1(y) and y is adjacent to
x, we see that |NG(x) ∩NG

D−2(y)| = k − λ− 1 must hold. Hence the Claim 2 follows if we
can show that for any vertex z ∈ V the degree of G(z) is λ.

To this end, suppose that w is a neighbor of y. Since y has degree λ in G(w), it follows
that (the necessarily regular graph) G(w) has degree λ. As G is connected, it immediately
follows that the degree of G(z) is λ for all vertices z of G. This completes the proof of
Claim 2.

Since G is a regular antipodal graph it follows from Claim 2 that H has degree qD−1.
Now suppose that u, v ∈ V are vertices in G at distance D−1. Then the subgraph induced
by G on [u, v] also has degree qD−1, and by the induction step it is isomorphic to H. In
particular, intersection numbers c1, . . . , cD−1 exist for G and therefore – since G is a regular
antipodal graph – G must be distance-regular.

Let ai, bi, ci, 1 ≤ i ≤ D, denote the intersection numbers of G. Note that cD−1 equals
qD−1 by Claim 2, that a1 is the degree of any local graph of G and that, by definition, c2

is the number of common neighbors of any two vertices of G at distance 2 from one another.

Claim 3: Let a′1 be the degree of any local graph of H. Then

a′1 = a1 − c2 + 2. (1)

Suppose that x, z are adjacent vertices in V , that x′ is the antipodal of x in G, and that
∆ is the graph induced by G on NG

d−2(x
′) ∩NG(z) = NG

2 (x) ∩NG(z). Since ∆ is the local
graph of the subgraph induced by G on [z, x′] at z, it follows that ∆ is regular with degree
a′1. But, on the other hand, if w ∈ NG

2 (x)∩NG(z) then |NG(x)∩NG(z)∩NG(w)| = c2−2.
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Thus ∆ has degree a1 − c2 + 2. This completes the proof of Claim 3.

We now complete the proof of the theorem.
In case D = 3 holds, so that H is isomorphic to a Cocktail Party graph, G must be a

Taylor graph with a1 = 2c2 − 4 by (1). Hence by [3, Corollary 1.15.3] it follows that G is
either the Johnson graph J(6, 3), the halved 6-cube or the Gosset graph.

In case D = 4 holds, so that H is isomorphic to the Gosset graph, it follows by (1) that
G is an antipodal distance-regular graph with degree 52, parameters c3 = 27, c2 = 10 and
diameter 4. However such a graph does not exist since in case it did we would necessarily
have |NG

2 (x)| = 52·27
10 , which is not an integer.

Finally, in case D ≥ 4 holds, so that H is isomorphic to either J(2(D − 1), D − 1) or
the halved (D − 1)-cube, then, again using (1), it follows that G has the same parameters
as J(2D,D) or the halved D-cube, respectively. This completes the proof of the theorem
since both the Johnson graphs and the halved D-cubes are determined by their parameters
amongst distance-regular graphs [6].

4 Proof of Theorem 1.1

Suppose that G is a strongly spherical graph, that x is any vertex in V = V (G), and that
C is some connected component of G(x).

Claim 1: There exists a vertex y in V with NG
(d(x,y)−1)(y) ∩NG(x) = V (C).

Note first that there is some vertex z in V with V (C) ⊆ NG
(d(x,z)−1)(z) ∩ NG(x). Namely,

take z to be the antipode of x in G. We show that if y ∈ V with d(x, y) minimal under
the condition that V (C) ⊆ NG

(d(x,y)−1)(y)∩NG(x) must hold, then V (C) = NG
(d(x,y)−1)(y)∩

NG(x) holds.

Suppose this is not the case. Then there must exist some u ∈
(
NG

(d(x,y)−1)(y) ∩NG(x)
)
−

V (C). Denote the subgraph induced by G on [x, y] by K. Since u ∈ V (K) and K is spher-
ical, there is a vertex u′ ∈ V (K) with d(u, u′) = d(x, y). Clearly d(x, u′) = d(x, y) − 1
holds. Moreover, d(u, c) = 2 holds for all c ∈ V (C) since C is a connected compo-
nent of G(x). Hence d(u′, c) = d(x, y) − 2 = d(x, u′) − 1 for all c ∈ V (C) and so
V (C) ⊆ NG

(d(x,u′)−1)(u
′) ∩ NG(x). This contradicts the choice of y, which completes the

proof of Claim 1.

Choose y ∈ V with NG
(d(x,y)−1)(y) ∩ NG(x) = V (C), whose existence is guaranteed by

Claim 1. Let H denote the subgraph of G induced on [x, y]. Note H(x) = C so that, in
particular, H(x) is connected.
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Claim 2: The graph H is locally connected.

We must show that H(u) is connected for all u ∈ V (H). We will show that this holds in
case u is adjacent to x, from which Claim 2 follows (since both G and H(x) are connected).

Suppose u is a vertex of H(x). We show that for any v ∈ H(u) there is a path in H(u)
connecting v to x, so that, in particular, H(u) is connected. Clearly it suffices to show that
this holds in case v is a vertex of H2(x) ∩H(u).

Suppose that v is such a vertex. Since [x, v] is a cocktail party graph, v and x have
a common neighbor w of H(x) with d(u,w) = 2. Moreover, since H(x) is connected and
u and w are vertices of H(x), by Proposition 3.1 there must exist some vertex z of H(x)
which is common neighbor of u and w. But then z must also be common neighbor of x and
v, i.e. x, z, v is a path in H(u). This completes the proof of Claim 2.

Denote the antipode of any vertex z ∈ V in G by z′. Note that if y = x′ held, then we
would have G = H which, in view of Claim 2 and Proposition 3.2, would complete the
proof of the theorem. So, from now on we assume y 6= x′.

Denote the subgraph of G induced on [x′, y] by L. In Claim 8 below, we will prove that
G is isomorphic to H × L. However, we first require some further definitions and results.

Claim 3: G(y) = H(y) ∪ L(y).

We first show that if z is a vertex of G(x)−H(x), then d(y, z) = d(y, x)+1. We prove that
this holds using induction on d(x, x′).

If d(x, x′) ≤ 2 then this clearly holds, since G must be either an edge (in case d(x, x′) = 1)
or a Cocktail Party graph (in case d(x, x′) = 2).

Suppose d(x, x′) ≥ 3. If x is adjacent to y, then since NH(x) = {y}, we immediately
see that if z is a vertex of G(x)−H(x), then d(y, z) = d(y, x) + 1. So assume d(x, y) ≥ 2.

Suppose z is a vertex of G(x)−H(x) and u is a vertex of H(x). Then d(u, z) = 2 since
H(x) is a connected component of G(x). Thus there is some vertex v ∈ V that is a common
neighbor of u and z and that is at distance 2 from x. Moreover, v 6∈ [u, y], since otherwise
z ∈ [x, y].

We now show d(v, y) = d(u, y) + 1. Consider the graph K induced by G on [u, y]. Note
that the subgraph S that is induced by G on V (K(u)∩H(u)) is a connected component of
K(u), as u 6= y, and equals K(u) ∩Kd(y,u)−1(y). Hence, by induction d(v, y) = d(u, y) + 1,
since K is an isometric subgraph of G, d(u, x′) < d(x, x′), and S is a connected component
of K(u).

Thus v, x ∈ [u, y′] and, since v, x are neighbors of both u and z, it follows that z is
contained in [u, y′] and so d(u, y′) = d(x, y′) + 1 = d(z, y′) + 2 holds. Thus d(x, y′) =

10



d(z, y′) + 1, so that d(y, z) = d(y, x) + 1 also holds.
Now, let R denote the subgraph induced by G on [x, y′]. Then, in view of the fact that

d(y, z) = d(y, x)+1 holds for all vertices z of G(x)−H(x), it follows that G(x) is the disjoint
union of H(x) and R(x). Moreover, since R is regular and z ∈ R(y′) implies z′ ∈ L(y), we
have |R(x)| = |R(y′)| = |L(y)| and, since H is regular, we have |H(x)| = |H(y)| . But G is
regular, and so the degree of x in G equals the degree of y in G. Hence

|G(y)| = |G(x)| = |H(x)|+ |R(x)| = |H(y)|+ |L(y)|

which completes the proof of Claim 3.

For any z ∈ V (L) we denote by z̄ its antipodal in L, define z∗ := (z̄)′ and denote by Hz

the subgraph induced by G on [z, z∗].

Claim 4: Suppose that u and v are vertices of L. Then for all w ∈ V (Hu) and z ∈ V (Hv)
we have d(w, z) ≥ d(u, v).

Note that
d(v∗, u) = d(v, u∗) = d(v∗, v) + d(v, u) (2)

holds, which follows since

d(x, x′) = d(x, y) + d(y, x′)
= d(u, u′)
≥ d(u′, v∗) + d(v, v∗) + d(v, u)
= d(u, v̄) + d(v∗, v) + d(v, u)
= d(v̄, v) + d(v, v∗)
= d(v̄, v∗)
= d(x, x′).

Suppose w ∈ V (Hu) and z ∈ V (Hv). By (2) we have

d(v∗, v) + d(v, u) = d(v∗, u) ≤ d(v∗, z) + d(z, w) + d(w, u),

and hence

d(v∗, v)− d(v∗, z) + d(u, v) = d(z, v) + d(v, u) ≤ d(z, w) + d(w, u).

Similarly we have
d(w, u) + d(u, v) ≤ d(w, z) + d(z, v).

Thus d(w, z) ≥ d(u, v). This completes the proof of Claim 4.
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By Claim 4 we see that if u and v are distinct vertices of L, then V (Hu) = [u, u∗] and
V (Hv) = [v, v∗] are disjoint.

Claim 5: Suppose that st is an edge of L. Denote the subgraph induced by G on [s∗, t] by
P and the subgraph induced by G on V (Hs) ∪ V (Ht) by Q. Then P equals Q. Moreover,
E(P )−E(Hs)−E(Ht) consists of |Hs| = |Ht| disjoint edges so that, in particular, the map
which takes each vertex in Hs to its (necessarily unique) neighbor in Ht is an isomorphism
between Hs and Ht.

We first show that Q is a subgraph of P . Since s∗ is the antipodal in G of s̄ it follows that
the edge st must be contained in some geodesic between s∗ and s̄. Moreover, as s and t are
both in V (L) and s̄ is the antipodal of s in L it follows that there is a geodesic in L of the
form

γ : s∗, t∗, w1, . . . , wp, s, t, z1, . . . , zq, s̄

with zi, wj ∈ V (G), 1 ≤ i ≤ p, 1 ≤ j ≤ q. Hence it follows that [s∗, s] is contained in [s∗, t].
In addition, as t∗ is adjacent to s∗ it also follows that [t∗, t] is contained in [s∗, t]. Hence Q
is a subgraph of P .

Suppose x a vertex of Hs. Denote the antipode of any v ∈ V (P ) in P by ṽ. We show
that x̃ is a vertex of Ht. Since x ∈ Hs and γ is a geodesic, it follows that there must be a
geodesic of the form

t, s, z1, . . . , zl, x, w1, . . . , wm, s∗

with zi, wj ∈ V (G), 1 ≤ i ≤ l, 1 ≤ j ≤ m. Hence

s∗, t∗, z̃1, . . . , z̃l, x̃, w̃1, . . . , w̃m, t

is a geodesic in G, since the antipodes of s and t in P are t∗ and s∗, respectively. Thus,
since the map

φ : V (P ) → V (P ) : x 7→ x̃

is an automorphism of P , it induces an isomorphism between Hs and Ht. In particular,
Hs has the same degree as Ht.

Now, suppose x∗ is the antipode of x in Hs. Then since φ is an automorphism of P and
d(x, x∗) + 1 = d(x, x̃), it follows that x∗ is adjacent to x̃. Hence each vertex in V (Hs) in Q
has degree that is at least its degree in Hs plus one. The same clearly holds for each vertex
in Ht. Therefore, since t has degree equal to one plus its degree in Hs, it follows that every
vertex in Q has degree at least its degree in P . Therefore, as Q is a subgraph of P , we
see that P equals Q and, moreover, that E(P ) − E(Hs) − E(Ht) consists of |Hs| = |Ht|
disjoint edges. This completes the proof of Claim 5.

Claim 6: Suppose that u is a vertex of L. For all w ∈ V (Hu) there exists a unique vertex
z ∈ V (H) with d(w, z) = d(u, y).
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Suppose that z1 = u, z2, . . . , zm = y is a geodesic in L between u and y. Applying Claim 4 to
the graph induced by G on [z∗i , zi+1] for each 1 ≤ i ≤ m−1, in view of Claim 5 it immediately
follows that if w ∈ V (Hu), then there is some vertex z ∈ V (H) with d(w, z) = d(u, y).

We now show that this vertex z is unique. Suppose t ∈ V (H) with d(z, w) = d(t, w) =
d(u, y). Let z̃ denote the antipode of z in H and w̃ denote the antipode of w in Hu. By
interchanging the roles of H and L we see that

d(w, z̃) = d(w, w̃) + d(w̃, z̃) = d(w, w̃) + d(w, z)

holds. But we also have

d(w, z̃) ≤ d(t, w) + d(z̃, t) = d(z, w) + d(z̃, t).

Hence z = t. This completes the proof of Claim 6.

Claim 7: Let K denote the subgraph induced by G on the set
⋃

u∈V (L)

V (Hu).

Then K equals G.

Suppose u ∈ V (L). In view of Claim 5, the fact that L is regular and the fact that, for
w, w′ ∈ V (L) neighbors of u, the set V (Hw)∩V (Hw′) is non-empty if and only if w = w′, it
follows that K is regular and that the degree of u in K equals the degree of y in K. But by
Claim 3 the degree of y in K is equal to the degree of y in G. Thus, since K is a subgraph
of G and G is regular and connected, it follows that K equals G. This completes the proof
of Claim 7.

In view of Claim 4 and Claim 6, the map from V (Hu) to V (H) which takes each vertex
w of L to the vertex in H that is closest to w in G is an isomorphism between Hu and H.
Moreover, interchanging the roles H and L, and defining for each a in V (H) a graph La in
an analogous way to the way in which Hu was defined for u ∈ L, we see that the map that
takes each vertex z in La to the vertex in L that is nearest to z is an isomorphism between
La and L.

By Claim 7, for any vertex v ∈ V there must be some u ∈ L with v ∈ V (Hu). Hence,
since V (Hu) and V (Hv) are disjoint for u, v ∈ V (L) distinct, it follows that {V (Hu) : u ∈
V (L)} is a partition of V . Interchanging the roles of H and L, we see that {V (La) : a ∈
V (H)} is also a partition of V .

In view of these observations, it is now straight-forward to see that the map Φ : V →
V (H) × V (L), which takes each vertex v ∈ V to the pair (u, l) where u is the unique ver-
tex in H that is closest to v and l is the unique vertex of L that is closest to v, is a bijection.
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Claim 8: The map Φ induces an isomorphism between G and H × L.

The claim follows in view of the fact that any edge of G is either an edge of Hu for some
u ∈ V or an edge of La for some a ∈ V .

We now finish the proof of the theorem. By Claim 8 we know that G is isomorphic
to H × L where, by Claim 2, H is locally connected. In view of Proposition 3.2 and the
fact that L is strongly spherical, it is straight-forward to complete the proof of the theorem
using an inductive argument on the diameter of G.
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