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Zusammenfassung

Let G be a simple graph on n vertices with adjacency matrix A
and distinct eigenvalues µ1 > µ2 > · · · > µm. In his paper On the
polynomial of a graph (Amer. Math. Monthly 70, 30–36), A. Hoffman
observed that G is a connected regular graph if and only if

n
m∏

i=2

(A− µiI) =
m∏

i=2

(µ1 − µi) J

holds where J is the n×n all-one matrix and I is the unit matrix. We
study expressions of the form

∏t
i=1(A−βtI) in a more general context

allowing us not only to derive Hoffman’s identity in a new way, but also
to compute, say, the rank of

∏m
i=2(A− µiI) and of

∏
µi 6=−µ1

(A− µiI)
for arbitrary simple graphs and to derive corresponding identities for
the recently introduced classes of harmonic and semiharmonic graphs.
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1 Some Standard Notations, Definitions and

Facts

We consider a finite simple graph G with vertex set V = VG, edge set E =
EG ⊆

(
V
2

)
, and adjacency matrix A = AG. The degree of a vertex v ∈ V and

the set of neighbors of v are denoted by d(v) = dG(v) and N(v) = NG(v),
respectively. We suppose that G does not contain isolated vertices, whence
d(v) > 0 and N(v) 6= ∅ for every v ∈ V (as well as E 6= ∅).

The number of walks of length k of G starting at v is denoted by dk(v)
and the number of all walks in G of length k by Wk = Wk(G). Clearly, one
has

d1(v) = d(v), W0 = #V, W1 = 2#E, and dk+1(v) =
∑

w∈N(v)

dk(w)

as well as
Wk =

∑
v∈V

dk(v)

for every k ∈ N0. In view of the well-known fact that, with j denoting the
all-one vector, the vector (dk(v))v∈V coincides with Akj, we have also

(1) Wk = jTAkj,

for every k ∈ N0.

For each µ ∈ R, let

Uµ := {u ∈ RV |Au = µu}
denote the space of eigenvectors of A with eigenvalue µ, and let

µ1 = µG
1 > µ2 = µG

2 > · · · > µm = µG
m

denote the distinct eigenvalues of A, i.e. the real numbers µ ∈ R with Uµ 6=
{0}. Recall that

• |µm| ≤ µ1 6= 0 always holds (the latter in view of E 6= ∅),
• µ = µ1 must hold for every µ ∈ R for which Uµ contains a positive

vector, i.e. a vector (xv)v∈V with xv > 0 for all v ∈ V µm = −µ1 holds,
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• G is connected if and only if Uµ1 contains a positive eigenvector that
generates Uµ1 .

Recall also that G is bipartite if and only if dim Uµ = dim U−µ holds for
all µ ∈ R in which case µm+1−i = −µi must also hold for all i = 1, 2, . . . , m.
In particular, the following statements are well known to be equivalent (see
[2]):

• G is connected and bipartite,

• G is connected and µm = −µ1 holds,

• Uµ1 is generated by a positive eigenvector and µm = −µ1 holds.

A graph G is called regular if there exists a constant r such that d(v) = r
holds for every v ∈ V in which case G is also called r-regular. Obviously, G
is r-regular if and only if Aj = rj holds in which case µ1 = r must also hold.

The harmonic graphs form a slightly larger class of graphs: A graph G has
been called harmonic if there exists a constant µ such that

∑
w∈N(v) d(w) =

µd(v) holds for every v ∈ V in which case G is also called µ−harmonic. Clear-
ly,

∑
w∈N(v) d(w) = rd(v) holds for every r-regular graph, so any such graph

is r-harmonic. Moreover, the assertion that G is µ-harmonic is obviously
equivalent with the assertion that A2j = µAj holds.

Finally, a graph G has been called semiharmonic if there exists a con-
stant µ such that

∑
w∈N(v) d2(w) = µd(v) holds for every v ∈ V in which

case the graph G is also called µ-semiharmonic. Clearly, the assertion that
G is µ-semiharmonic is equivalent with the assertion that A3j = µAj holds.
So, the class of semiharmonic graphs forms an even larger class of graphs.
In particular, every a, b-semiregular graph is ab-semiharmonic as A2j = abj
always holds for such graphs.

Since harmonic and semiharmonic graphs were defined in [4], the who-
le little industry has evolved studying specific instances of such graphs, in
particular those with a small number of cycles (cf. [1, 3, 5, 6, 7]).

In [8], A. Hoffman showed that G is a connected regular graph if and only
if

(2) #V

m∏
i=2

(A− µiI) =
m∏

i=2

(µ1 − µi) J
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holds where I is the unit and J the all-one matrix. In addition, he generalized
this result in [9] to digraphs by showing that (2) holds if and only if G is a
strongly connected digraph with all in- and outdegrees equal.

In this note, we derive various, apparently new versions of Hoffman’s
identity, considering first arbitrary expressions of the form

∏m
t=1(B − βiI)

for arbitrary matrices B (Section 2) while returning to adjacency matrices of
graphs in the third and last section, deriving in particular straight-forward
generalizations of Hoffman’s identity to harmonic and semiharmonic graphs.

2 On Matrices of the Form
∏m

t=1(B − βiI)

Let us recall first that, given any subspace U of Rn and any orthonormal
basis u1, . . . , ur of U , the n × n-matrix PU corresponding to the orthogonal
projection

pU : Rn 7→ U ⊆ Rn

of Rn onto U always coincides with the matrix

r∑
ρ=1

uρu
T
ρ .

In particular, we have
r∑

ρ=1

xρx
T
ρ =

r∑
ρ=1

yρy
T
ρ

for two systems x1, . . . , xr and y1, . . . , yr of orthonormal vectors from Rn if
and only if they generate the same subspace U of Rn.

Note also that, given any n × n matrix B over any field K, some eigen-
vector u ∈ Kn with eigenvalue µ of B and any family β1, . . . , βt of elements
from K, one has

t∏
τ=1

(B − βτI)u =
t∏

τ=1

(µ− βτ )u.

In particular, if B is diagonalizable over K, if

Uµ := {u ∈ Kn
∣∣ Bu = µu} (µ ∈ K)
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denotes the eigenspace of all eigenvectors of B in Kn with eigenvalue µ ∈ K,
and if spec(B) denotes the set

spec(B) := {µ ∈ K
∣∣ dim Uµ > 0}

of its distinct eigenvalues, the rank of the matrix
∏t

τ=1(B − βτI) always
coincides with the sum of the dimensions of the eigenspaces Uµ, summed
over all eigenvalues µ not in {β1, . . . , βt}:

rk
( t∏

τ=1

(B− βτ I)
)

=
∑

µ∈spec(B)\{β1,...,βt}
dim Uµ.

Thus, if K is the real number field R, if B is symmetric, if

Rn = ⊥
µ∈spec(B)

Uµ

is the corresponding orthogonal decomposition of Rn into the direct sum
of the mutually orthogonal eigenspaces Uµ of B, and if uµ1, . . . , uµrµ is an
orthonormal basis of Uµ for every eigenvalue µ in spec(B), we have

t∏
τ=1

(B − βτI) =
∑

µ∈spec(B)

t∏
τ=1

(µ− βτ )PUµ

=
∑

µ∈spec(B)

t∏
τ=1

(µ− βτ )

rµ∑
ρ=1

uµρu
T
µρ

=
∑

µ∈spec(B)\{β1,...,βt}

t∏
τ=1

(µ− βτ )

rµ∑
ρ=1

uµρu
T
µρ

for any collection of numbers β1, . . . , βt ∈ R, and we have

rk
( t∏

τ=1

(B− βτ I)
)

=
∑

µ∈spec(B)\{β1,...,βt}
dim Uµ.

We view these formulas as the most general version of Hofmann’s identity
(except that it generalizes, of course, in an appropriate form even further to
complex hermitian matrices, i.e. complex matrices B with B = BT ).
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Specializing to the case

{β1, . . . , βt} := spec(B) \ {µ}

for some fixed µ ∈ R and t := #(spec(B) \ {µ}) — so every eigenvalue
of B except perhaps µ (in case µ is an eigenvalue) occurs exactly once in
{β1, . . . , βt}, — we see that all summands vanish in the above expression for
Hofmann’s matrix H(B, µ) defined by

H(B, µ) :=
∏

µ′∈spec(B)\{µ}
(B − µ′I)

except the summand referring to µ. So, for any orthonormal basis u1, . . . , ur

of Uµ, this matrix must coincide with the matrix

∏

µ′∈spec(B)\{µ}
(µ− µ′)PUµ =

∏

µ′∈spec(B)\{µ}
(µ− µ′)

r∑
ρ=1

uρu
T
ρ

while its rank must coincide with dim Uµ — note that H(B, µ) is the usual mi-
nimal polynomial of B evaluated at B (and thus vanishes) in case µ /∈ spec(B)
while the right-hand side vanishes in this case as its sum runs over an empty
index set. Consequently, specializing further to matrices B and eigenvalues
µ of B for which an orthonormal basis of Uµ is known (or can be computed,
say, from a known basis of Uµ using the Gram-Schmidt orthonormalization
procedure), we get even more explicit formulas for H(B, µ).

3 New Hoffman-type Identities for Graphs

We are now going to apply the considerations above to the adjacency matrices
A = AG of finite simple graphs G = (V,E) without isolated vertices. Note
first that — with µi := µG

i for i = 1, . . . , m := # spec A as in Section 1 — the
rank of H(A, µ1) now coincides with the number of connected components
of G with largest eigenvalue µ1, the matrix corresponding to the orthogonal
projection pUµ1

of RV onto Uµ1 coincides with the matrix

m∏
i=2

(µ1 − µi)
−1H(A, µ1),
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and we have

H(A, µ1) =
m∏

i=2

(µ1 − µi)u1u
T
1

for one or — equivalently — for every eigenvector u1 ∈ Uµ1 of length 1 if
and only if Uµ1 is generated by any such eigenvector u1 or, equivalently, if
and only if there exists exactly one connected component of G with largest
eigenvalue µ1.

It follows in particular that G is a connected regular graph if and only
if Hoffman’s original identity (2) holds because this now implies that the
positive vector j generates Uµ1 .

Further, our observations together with the facts quoted above imply
that the rank rk(H(A,−µ1)) of H(A,−µ1) counts the number of bipartite
connected components of G with largest eigenvalue µ1 and that, if um is an
eigenvector of A of length 1 with eigenvalue µm = −µ1, we have

H(A, µm) =
m−1∏
i=1

(µm − µi)umuT
m = (−1)m−1

m∏
i=2

(µ1 + µi)umuT
m

if and only if U−µ1 is generated by um, i.e. if and only if there exists exactly
one bipartite component of G with largest eigenvalue µ1.

So, this holds in particular if G is bipartite and connected in which case

H(A2, µ2
1) =

∏

µ∈spec(A2)\{µ2
1}

(A2 − µI)

=
∏

µ∈spec(A2)\{µ2
1}

(µ2
1 − µ)(u1u

T
1 + umuT

m)

=

dm/2e∏
i=2

(µ2
1 − µ2

i )(u1u
T
1 + umuT

m)

must also hold for any eigenvector u1 ∈ Uµ1 of length 1 and any eigenvector
um ∈ U−µ1 of length 1.

Next, recall that a graph G is a µ-harmonic graph for some µ ∈ R if and
only if Aj ∈ Uµ holds in which case µ = µ1, Aj ∈ Uµ1 and

〈Aj|Aj〉 = (Aj)TAj = jTATAj = jTA2j = µ1j
TAj = µ1W1 = 2µ1 #E
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must also hold, and every connected component of G must be µ-harmonic,
too. In particular, the rank rk(H(A, µ1)) of H(A, µ1) now counts the number
of connected components of G and the rank rk(H(A,−µ1)) of H(A,−µ1)
counts the number of bipartite connected components of G.

From the assumption that G has no isolated vertices, we see that the
vector Aj is positive, and thus we conclude that a graph G is a connected
µ1-harmonic graph if and only if Aj generates Uµ1 . This implies

Theorem 1 Let G be a graph without isolated vertices. Then G is connected
and harmonic if and only if

(3) 2µ1 #E H(A, µ1) =
m∏

i=2

(µ1 − µi)(Aj)(Aj)T

holds.

Remark 1 Equation (3) generalizes (2) since, for r-regular graphs, we have
r = µ1, 2#E = µ1#V , and (Aj)(Aj)T = r2 j · jT = r2J .

Finally, recall that G is µ-semiharmonic if and only if A3j = µAj holds,
i.e. if and only if Aj is an eigenvector of A2 with eigenvalue µ. Clearly, this
implies µ = µ2

1 (even if G would contain isolated vertices as long as at least
µ1 > 0 or, equivalently, EG 6= ∅ holds) and therefore

Lemma 1 Given any finite simple graph G with EG 6= ∅ and any real number
µ ∈ R, the following three assertions all are equivalent:

(1) G is µ-semiharmonic,

(2) µ = µ2
1 and A2j + µ1Aj ∈ Uµ1 holds,

(3) µ = µ2
1 and A2j − µ1Aj ∈ U−µ1 holds.

Now, assuming again that G has no isolated vertices, we see that the vec-
tor A2j +µ1Aj is positive, and thus we conclude that a graph G is connected
and µ2

1-semiharmonic if and only if A2j + µ1Aj generates Uµ1 .

Similarly, G is µ2
1-semiharmonic and has at most one bipartite connected

component if and only if A2j−µ1Aj generates U−µ1 , and that it has exactly
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one bipartite connected component if and only A2j − µ1Aj generates U−µ1

and is distinct from 0.

Thus, noting that

〈A2j ± µ1Aj|A2j ± µ1Aj〉 = (A2j ± µ1Aj)T(A2j ± µ1Aj)

= jTA4j ± 2µ1j
TA3j + µ2

1j
TA2j

= W4 ± 2µ1W3 + µ2
1W2

= µ2
1W2 ± 2µ3

1W1 + µ2
1W2

= 2µ2
1(W2 ± µ1W1)

holds for any µ2
1-semiharmonic graph G, we come to the following characte-

rization of semiharmonic connected graphs:

Theorem 2 Let G be a graph without isolated vertices and put

j± := A2j ± µ1Aj.

Then the following assertions are equivalent:

(1) G is connected and semiharmonic,

(2) the identity

2µ2
1(W2 + µ1W1) H(A, µ1) =

m∏
i=2

(µ1 − µi) · j+jT
+

holds,

(3) G is connected and the identity

2µ2
1(W2 − µ1W1) H(A,−µ1) =

∏

µi 6=−µ1

(−µ1 − µi) · j−jT
−

= (−1)m−1
∏

µi 6=−µ1

(µ1 + µi) · j−jT
−

holds,

(4) G is connected and the identity

4µ4
1(W

2
2 − µ2

1W
2
1 ) H(A2, µ2

1) =
dm/2e∏
i=2

(µ2
1 − µ2

i ) ·
[
2µ2

1(W2 − µ1W1)j+jT
+ + 2µ2

1(W2 + µ1W1)j−jT
−
]

holds.
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