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Abstract

We review the results on the characteristic polynomial, spectrum, spectral radius
and energy of the distance matrix of graphs.

1 Introduction

The distance matrix, while not as common as the more familiar adjacency or Laplacian

matrices, has come up in several different areas, including, among others, communication

network design [26], graph embedding theory [21, 25, 27], molecular stability [33, 50],

mathematical chemistry [47] and network flow algorithms [20, 24]. In chemistry, Balaban

et al. [2] proposed the use of the distance spectral radius (maximum eigenvalue of the

distance matrix of a graph) as a molecular descriptor, while in [31] it was successfully used

to infer the extent of branching and model boiling points of alkanes. Consonni and Tode-

schini [11] showed that the distance energy, defined as the sum of the absolute eigenvalues

of the distance matrix, is also a useful molecular descriptor as it appears among the best

univariate models for the motor octane number of the octane isomers and for the water

solubility of polychlorobiphenyls. Balasubramanian in [3] and [4] computed the distance

spectrum and distance polynomial of various chemical graphs including fullerenes C60

and C70.
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Unlike other graph matrices, in which the number of nonzero entries is proportional

to the number of edges in a graph, the distance matrix of a connected graph has all off-

diagonal entries nonzero, which makes it harder to work with its spectral properties and

led, as a consequence, to a significantly smaller number of published results. Nevertheless,

the distance matrix D is still a symmetric matrix having a real spectrum, which can be

straightforwardly related to the Wiener index W by 2W = jTDj, where j is all-one

vector.

Our goal here is to survey results on the spectral properties of the distance matrix of

graphs. Most of the early results were obtained for trees and we review them in Section 2.

In Section 3 we present the distance spectra of certain classes of graphs, while in Section 4

we review results on the calculation of the distance characteristic polynomial for various

compositions of graphs. In Section 5 we review results on the bounds for distance energy

and constructions of noncospectral graphs with equal distance energies. In Section 6

we review the bounds and extremal results on the distance spectral radius. We briefly

mention the results on the newly introduced reciprocal distance matrix in Section 7. Each

section contains some conjectures and open problems as directions for future research.

1.1 Preliminaries

A simple graph G = (V,E) consists of the vertex set V and the edge set E, where each

edge in E connects two distinct vertices in V . A walk between u and v in G of length k

is a sequence of vertices and edges W : u = w0, e1, w1, e2, w2, . . . , wk−1, ek, wk = v, where

w0, . . . , wk ∈ V and edge ei connects vertices vi−1 and vi for i = 1, . . . , k. The distance

dG(u, v) between u and v in G is the length of the shortest walk between u and v, provided

such a walk exists. The diameter diam(G) of G is the largest distance between a pair of

vertices of G.

The graph G is connected if there exists a walk between any pair of its vertices, and in

sequel, we work with connected graphs only. Let n = |V | be the number of vertices. The

distance matrix D(G) is the n× n matrix, indexed by V , such that D(G)u,v = dG(u, v).

The characteristic polynomial ψ(G, ρ) = det(ρI − D(G)) is the distance characteristic

polynomial of G. Since D(G) is a real, symmetric matrix, the distance characteristic

polynomial ψ(G, ρ) has real zeros

ρ1(G) ≥ ρ2(G) ≥ . . . ≥ ρn(G),

140



which form the distance spectrum of G. Two graphs G and H are distance cospectral if

they have the same distance characteristic polynomial, ψ(G, ρ) = ψ(H, ρ). The distance

energy ED(G) is defined as

ED(G) =
n∑
i=1

|ρi(G)|.

Since distance cospectral graphs trivially have equal distance energies, we will say that

two graphs G and H are distance equienergetic provided that ED(G) = ED(H), but that

G and H are not distance cospectral.

Further, D(G) is a nonnegative matrix, so the Perron-Frobenius theorem implies that

ρ1(G) has the largest absolute value in the distance spectrum, ρ1(G) ≥ |ρn(G)|, and that

it has a positive eigenvector. The largest eigenvalue ρ1(G) is also called the distance

spectral radius of G.

Whenever the graph is clear from the context, we will drop it from notation and speak

of the distance matrix D, distance characteristic polynomial ψ(ρ), the distance spectral

radius ρ1, the distance energy ED, etc. All the above definitions easily extend to the case

of graphs with positive edge weights ω:E 7→ R+, having in mind that the length of a

walk in such case is defined as the sum of weights of edges in the walk.

2 Trees

Most of the early results on the spectral properties of the distance matrix were obtained

for trees. Trees form a specific class of graphs with respect to distances, due to the useful

fact that there exists an unique shortest path between any two vertices of a tree. One of

the early remarkable results concerns the determinant of the distance matrix of a tree—

Graham and Pollack [26] showed that the determinant of the distance matrix D of a tree

on n vertices is always equal to (−1)n−1(n− 1)2n−2, regardless of the actual tree.

Write the distance characteristic polynomial ψ(T, ρ) of a tree T as

ψ(T, ρ) =
n∑
k=0

δkρ
k.

It was shown by Graham and Lovász [25] that the coefficients of ψ(T, ρ) may be repre-

sented as

δk = (−1)n−12n−k−2dk, with dk =
∑
F

AF,kNF ,

where F ranges over all forests having k−1, k or k+1 edges and no isolated vertices, and

NF is the number of copies of F contained as a subgraph in T . The integer coefficients AF,k
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turn out to depend only on k and the number of occurrences of various paths Pi in the

connected components of F , and they are given by a rather complicated expression in [25].

Graham and Lovász [25] further conjectured that the sequence d1, . . . , dn−2 is unimodal

with peak at k = bn/2c. Collins [9] showed that this is true for the star Sn, while for the

path Pn the sequence is unimodal with peak at n(1 − 1√
5
). It is not known whether the

sequence is unimodal (with varying peaks) for general trees.

In another paper, Collins [10] showed that a vertex-centered automorphism of a tree

gives a proper factor of the characteristic polynomial of its distance matrix.

Theorem 1 [10] Suppose that tree T has a vertex-centered automorphism π, with z as the

center z = π(z). Let U1 and U2 be connected components of T − z, such that π(U1) = U2.

Let u1 be the vertex in U1 adjacent to z, and u2 = π(u1). Then there exists a factor of

the distance characteristic polynomial of T of degree equal to the number of orbits of U1,

considered as a rooted tree with root u1.

As a corollary of previous result, if p is the number of leaves of T , and q the number of

vertices adjacent to a leaf in T , then the multiplicity of −2 as a distance eigenvalue of T

is at least p− q [10].

Previous theorem was also used to compute the distance characteristic polynomial of

the full k-ary trees Fr,k. The full k-ary tree of length r, Fr,k, is defined inductively by:

F1,k is the star with k edges, and Fr,k is Fr−1,k with k new edges added to each leaf. Now,

let Pi,k(x) be the polynomial of degree i, defined recursively by

Pi+1,k(x) = −(x(k + 1) + 2)Pi,k(x)− kx2Pi−1,k(x), P1,k(x) = −x− 2, P0,k(x) = 1,

and further let

N(k, x, y) = −k5x5y5 + k3x3y3[(3k + 1)x+ (2k + 2)] + k2xy3[(3k + 3)x2

+ (2k + 6)x+ 3] + ky2[(k + 3)x2 + 4x+ 1] + xy,

M(k, x, y) = (kxy + 1)(kx2y2 + y[2 + (k + 1)x] + 1)(k3x2y2 + ky[2 + (k + 1)x] + 1).

Next, let Qr+1,k(x) be the polynomial of degree r + 1, defined by

Q1,k(x) = −x and
∞∑
n=1

Qn,k(x)yn =
N(k, x, y)

M(k, x, y)
.

Then
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Theorem 2 [10] For k ≥ 2, the distance characteristic polynomial of Fr,k is given by

ψ(Fr,k, ρ) = P
(k−1)kr−1

1,k (ρ) · P (k−1)kr−2

2,k (ρ) · · ·P k−1
r,k (ρ) ·Qr+1,k(ρ).

Another early observation is that the distance spectrum of a tree on n ≥ 2 vertices

contains exactly one positive eigenvalue. There are quite a few other graphs sharing

this property: cycles, unicyclic graphs with an even cycle, polyacenes, honeycomb and

square lattice graphs [4]. Koolen and Shpectorov [43] determined all distance-regular

graphs whose the distance matrix has exactly one positive eigenvalue: a cocktail party

graph; a cycle; a Hamming graph; a Johnson graph; a halved cube; a double odd graph;

a Doob graph; the Petersen graph; the icosahedron; the dodecahedron; the Gosset graph;

the Schläfli graph and one of the three Chang graphs. For further reading, see [6] and

Chapter 17 in [19].

The spectrum of the distance matrix does not, in general, determines a tree: the

smallest pair of nonisomorphic trees with the same distance characteristic polynomial,

shown in Fig. 1, was found by McKay [45]. It was shown in [45], similarly as is the

Figure 1: The smallest pair of non-isomorphic cospectral trees [45].

case for the adjacency characteristic polynomial [52], that almost all trees have distance

cospectral mates. Despite this fact, it appears as if the distance spectral radius alone

determines the whole distance spectrum of a tree. While it is certainly tempting to believe

that such a conjecture could be true, it is supported by the computer evidence among all

trees on at most 22 vertices and chemical trees on at most 24 vertices.

Conjecture 3 [59] There exists no pair of distance noncospectral trees T1 and T2, such

that ρ(T1) = ρ(T2).

The distance matrix D and the Laplacian matrix L of a tree with at least two vertices

are related by a simple equality LDL = −2L [60]. A spectral relation between L and D
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was obtained by Merris [46]: if µ1 ≥ µ2 ≥ . . . ≥ µn = 0 are the Laplacian eigenvalues of

a tree T , then the distance eigenvalues and the Laplacian eigenvalues of T are interlaced

as

0 > − 2

µ1

≥ ρ2 ≥ −
2

µ2

≥ ρ3 ≥ . . . ≥ − 2

µn−1

≥ ρn.

3 Distance spectrum of certain graphs

The complete graph Kn has the distance matrix equal to J − I, where J is the all-one

matrix and I iSs the unit matrix, hence its distance spectrum consists of the simple

eigenvalue n − 1 and the eigenvalue −1 with multiplicity n − 1. Indulal [38] has proved

that a connected graph G has exactly two distinct distance eigenvalues if and only if G

is a complete graph.

The distance eigenvalues and eigenvectors of the path Pn are fully described in the fol-

lowing theorem. Let xi = (xi,1, . . . , xi,n) be the components of the distance eigenvector xi

corresponding to the distance eigenvalue ρi, i = 1, . . . , n.

Theorem 4 [51] The distance eigenvalues ρi and the eigenvectors xi, i = 1, . . . , n, of

the path Pn with n vertices are as follows:

(1) ρ1 = 1/(cosh θ − 1), x1,k = cosh((k − f)θ) for k = 1, . . . , n, where f = (n + 1)/2

and θ is the positive solution of tanh(θ/2)tanh(nθ/2) = 1/n.

(2) ρi = 1/(cosh θ − 1), xi,k = cosh((k − f)θ) for k = 1, . . . , n, where either

(2a) f = (n+ 1)/2 and θ is one of the b(n− 1/2)c solutions of tan(θ/2)tan(nθ/2) =

−1/n in the interval (0, π), or

(2b) f = 1/2 and θ = (2m− 1)π/n for m = 1, . . . , bn/2c.

Theorem 5 [23, 28] The distance spectrum of the cycle Cn consists of:

(1) for even n, the numbers n2

4
, 0 of multiplicity n/2 and −csc2

(
πj
n

)
for odd j, 1 ≤

j ≤ n;

(2) for odd n, the numbers n2−1
4

, −1
4
sec2

(
πj
2n

)
for even j and −1

4
csc2

(
πj
2n

)
for odd j,

1 ≤ j ≤ n.

The distance spectrum of regular graphs of diameter two is easily represented via their

adjacency spectrum. If G is r-regular graph, then the largest eigenvalue of the adjacency

matrix equals r, λ1 = r. Let G be the complement of G. Denote by Jn the all 1’s n× n
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matrix and by In the identity matrix of order n. If the diameter of G is at most two, then

D(G) = 2Jn− 2In−A(G) = Jn− In +A(G). For an r-regular graph G, the eigenvectors

of A(G) associated to any eigenvalue not equal to r are orthogonal to the all 1’s vector.

Theorem 6 [13, 41] Let G be an r-regular graph with n vertices and diameter two. If

λ1 = r > λ2 ≥ . . . ≥ λn are the adjacency eigenvalues of G, then its distance eigenvalues

are 2n− r − 2 and −λi − 2 for i = 2, . . . , n.

As a consequence of previous result, one easily obtains

Corollary 7 [8] If G is a graph made of two k-cliques connected so that each vertex of

a clique is connected to exactly one vertex of the other clique (in other words: the union

Kk ∪ Kk with a perfect matching added between vertices in different complete graphs),

then its distance spectrum consists of [3k − 2,−k, 0(k−1),−2(k−1)].

The complete multipartite graph Kn1,...,nk , n1, . . . , nk ≥ 1, is obtained by taking the

union of empty graphs Kn1∪. . .∪Knk and adding edges between any two vertices in differ-

ent empty graphs. The special nature of the distance matrix of the complete multipartite

graphs has direct impact on their distance spectrum.

Theorem 8 [8] For the complete multipartite graph Kn1,...,nk denote by mj = |{i:ni =

j}|, j ≥ 1. Whenever mj ≥ 2, the distance spectrum of Kn1,...,nk contains the eigen-

value j − 2 with multiplicity at least mj − 1. Further, the distance spectrum of Kn1,...,nk

contains the eigenvalue −2 with multiplicity at least
∑
j≥2mj(j − 1).

For a subsetD of the set of proper positive divisors of an integer n > 1, let ICGn(D) be

the graph with the vertex set {0, 1, . . . , n−1} and the edge set {{a, b} : a, b ∈ Zn, gcd(a−

b, n) ∈ D}. So [54] has shown that the graphs ICG(n,D) are exactly those circulant

graphs for which all adjacency eigenvalues are integers.

Let Gn(d) be the set of all positive integers less than n having the same greatest com-

mon divisor d with n. Ilić [35] has shown that the set of vertices of ICGn(D) that are at

distance p from vertex 0 is given by
⋃sp
i=1Gn

(
d

(p)
i

)
for some subset D(p) =

{
d

(p)
1 , . . . , d(p)

sp

}
of the set of divisors of n (with D(1) = D). Let k be the diameter of ICGn(D). The

distance spectrum of ICGn(D) then consists of [35]:

ρr = 1 ·
s1∑
i=1

c

(
r,

n

d
(1)
i

)
+ 2 ·

s2∑
i=1

c

(
r,

n

d
(2)
i

)
+ . . .+ k ·

sk∑
i=1

c

(
r,

n

d
(k)
i

)
,
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where c(r, n) is the Ramanujan sum defined by

c(r, n) =
∑

gcd(a,n)=1

e
2πiar
n = µ

(
n

gcd(r, n)

)
· φ(n)

φ
(

n
gcd(r,n)

) ,
and where µ and φ denote the Möbius function and the Euler function, respectively. As

a corollary, all distance eigenvalues of the graphs ICGn(D) are integers.

4 Distance characteristic polynomial of graph com-

positions

The transmission tG(v) of a vertex v of G is the sum of distances from v to all other

vertices of G. The graph G has constant transmission t if all vertices have transmission

equal to t. Note that if G has constant transmission t, then t is the largest distance

eigenvalue of G having the all-one vector as its eigenvector.

The following theorem present an analogue of Hoffman’s polynomial for the adjacency

matrix of regular graphs [32].

Theorem 9 [39] Let D be the distance matrix of graph G with n vertices and constant

transmission t, and let ρ2, . . . , ρg be all distinct distance eigenvalues of G, other than t.

Then the polynomial

P (x) = n
(x− ρ2)(x− ρ3) · · · (x− ρg)
(t− ρ2)(t− ρ3) · · · (t− ρg)

satisfies the matrix equality P (D) = J .

For a number of graph compositions formulas have been obtained which represent

the distance characteristic polynomial or distance spectrum of the graph composition in

terms of the distance characteristic polynomial or distance spectra of starting graphs.

Since the distances in compositions of graphs may not be always easily obtained, many of

these results pose additional constraints on graphs to which they may be applied. Recall

that the distance spectrum of G consists of the eigenvalues ρ1 ≥ . . . ≥ ρn.

The corona G ◦ K1 of a graph G is obtained by attaching a pendant vertex to each

vertex of G.

Theorem 10 [39] If graph G has constant transmission, then the distance spectrum of

the corona G ◦K1 consists of n + ρ1 − 1 ±
√

(n+ ρ1)2 + (n− 1)2 and ρi − 1 ±
√
ρ2
i + 1

for i = 2, . . . , n.
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For graphs G1 = (V1, E1) and G2 = (V2, E2), let us define the following graphs on the

Cartesian product V1 × V2 as their vertex sets:

• in the sum G1 + G2 two vertices (u1, u2) and (v1, v2) are adjacent if (u1 = v1 and

(u2, v2) ∈ E2) or ((u1, v1) ∈ E1 and u2 = v2);

• in the lexicographic product, also called the composition, G1[G2] two vertices (u1, v1)

and (u2, v2) are adjacent if (u1, v1) ∈ E1 or (u1 = v1 and (u2, v2) ∈ E2);

• in the strong product G1 ⊗ G2 two vertices (u1, v1) and (u2, v2) are adjacent if

(u1, u2) ∈ E1 and (v1 = v2 or (v1, v2) ∈ E2).

Theorem 11 [39] If graph G has constant transmission, then the distance spectrum of

the sum G + K2 consists of 2ρ1 + n, 2ρi for i = 2, . . . , n, 0 with multiplicity n − 1 and

simple eigenvalue −n.

Note that Theorems 10 and 11 have been stated to hold for the more restrictive

class of distance-regular graphs in [39]. The distance-regular graphs, as graphs having

the prescribed number of vertices at any given distance from each of its vertices, trivially

have constant transmission, but the previous theorems also hold for constant transmission

graphs. The fact that constant transmission graphs need not be distance-regular (not even

regular!) is illustrated by an example in Fig. 2.

Figure 2: An example of a nonregular, constant transmission graph [1].

Theorem 12 [39] The distance spectrum of G[K2] consists of 2ρi + 1 for i = 1, . . . , n

and −1 of multiplicity n.

Theorem 13 [39] The distance spectrum of the strong product G⊗K2 consists of 2(ρi+1)

for i = 1, . . . , n and −2 with multiplicity n.
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Theorem 14 [39] Let G be an r-regular graph of diameter two with adjacency spectrum

λ1 = r ≥ . . . ≥ λn. Then the distance spectrum of the strong product K2 ⊗G consists of

5n− 2r − 4, 2r − n and −2(λi + 2) and 2λi for i = 2, . . . , n.

The strong product G ⊗ K2 is also called the double graph of G, while the strong

product K2 ⊗G is also called the extended double cover of G in the literature.

The join G1∇G2 of graphs G1 and G2 is a graph obtained from the union of G1 and G2

by adding an edge joining every vertex of G1 to every vertex of G2.

Theorem 15 [48] For i = 1, 2, let Gi be an ri-regular graph with ni vertices and diam(Gi)

≤ 2. The distance characteristic polynomial of G1∇G2 is equal to

ψ(G1∇G2, x) =
[(x− 2n1 + 2 + r1)(x− 2n2 + 2 + r2)− n1n2]

(x− 2n1 + 2 + r1)(x− 2n2 + 2 + r2)
ψ(G1, x)ψ(G2, x).

Theorem 16 [59] For i = 1, 2, let Gi be an ri-regular graph with ni vertices and the

eigenvalues λi,1 = ri ≥ . . . ≥ λi,ni of the adjacency matrix of Gi. The distance spectrum

of G1∇G2 consists of the eigenvalues −λi,j − 2 for i = 1, 2 and j = 2, 3, . . . , ni, and two

more simple eigenvalues

n1 + n2 − 2− r1 + r2

2
±
√(

n1 − n2 −
r1 − r2

2

)2

+ n1n2. (1)

As a simple corollary of the previous theorem we obtain that the distance spec-

trum of the complete bipartite graph Km,n consists of simple eigenvalues m + n − 2 ±
√
m2 −mn+ n2 and an eigenvalue -2 with multiplicity m + n − 2. Another corollary is

that, for an r-regular graph G, the distance spectrum of G∇G consists of 3n − r − 2,

n− r − 2 and −λi − 2 of multiplicity two for each i = 2, . . . , n, where λ1 = r ≥ . . . ≥ λn

are the eigenvalues the adjacency matrix of G. This special case has been also observed

in [41].

Theorem 17 [59] For i = 0, 1, 2, let Gi be an ri-regular graph with ni vertices and

eigenvalues λi,1 = ri ≥ . . . ≥ λi,ni of the adjacency matrix of Gi. If r1 6= r2, then the

distance spectrum of G0∇(G1 ∪ G2) consists of the eigenvalues −λi,j − 2 for i = 0, 1, 2

and j = 2, 3, . . . , ni and three more eigenvalues which are solutions of the cubic equation

in ν:

(2n0−r0−2−ν)(ν+r1+2)(ν+r2+2)+[2(ν+r0+2)−3n0][n1(ν+r2+2)+n2(ν+r1+2)] = 0.
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Further generalization of the join of graphs has been considered in [57]. Let Gi =

(Vi, Ei), i = 1, . . . , n be arbitrary finite graphs. The joined union G[G1, . . . , Gn] is the

graph H = (W,F ) with

W =
n⋃
i=1

Vi, F =
n⋃
i=1

Ei ∪
⋃

(vi,vj)∈E
Vi × Vj.

In other words, the joined union is obtained from the union of graphs G1, . . . , Gn by

joining with an edge each pair of a vertex from Gi and a vertex from Gj whenever vi

and vj are adjacent in G. For example, the usual join of two graphs G and H is a special

case of the joined union: K2[G,H], where K2 is the complete graph on two vertices.

Theorem 18 [57] Let G = (V,E) be a simple graph with n vertices v1, . . . , vn, and for

i = 1, . . . , n, let Gi = (Vi, Ei) be an ri-regular graph of order mi and the eigenvalues of

the adjacency matrix of Gi: λi,1 = ri ≥ λi,2 ≥ . . . ≥ λi,mi. The distance spectrum of

the joined union G[G1, . . . , Gn] consists of the eigenvalues −λi,j − 2 for i = 1, . . . , n and

j = 2, 3, . . . ,mi and the eigenvalues of the matrix
2m1 − r1 − 2 dG(v1, v2)m2 dG(v1, v3)m3 . . . dG(v1, vn)mn

dG(v2, v1)m1 2m2 − r2 − 2 dG(v2, v3)m3 . . . dG(v2, vn)mn

dG(v3, v1)m1 dG(v3, v2)m2 2m3 − r3 − 2 . . . dG(v3, vn)mn

. . . . . . . . . . . .
dG(vn, v1)m1 dG(vn, v2)m2 dG(vn, v3)m3 . . . 2mn − rn − 2

 . (2)

A graph H is said to be self-complementary if H ∼= H, where H is the complement

of H. For example, the joined union P4[G,G,G,G] is a self-complementary graph for an

arbitrary graph G. This particular case of the joined union has been considered in [40],

where it was proved that

Theorem 19 [40] If G is an r-regular graph with n vertices and the eigenvalues λ1 =

r ≥ . . . ≥ λn of the adjacency matrix of G, then the distance spectrum of P4[G,G,G,G]

consists of the eigenvalues λi − 1 and −λi − 2 for i = 2, 3, . . . , n, each with multiplicity

two, and four more eigenvalues

7n− 3±
√

(2r + 1)2 + 45n2 − 12nr − 6n

2
and −

n+ 3±
√

(2r + 1)2 + 5n2 + 4nr + 2n

2
.

5 Distance energy

If m,n ≥ 2, then m+ n− 2 ≥
√
m2 −mn+ n2, and for distance energy of the complete

bipartite graph Km,n we get [8, 59]

ED(Km,n) = 4(m+ n− 2). (3)
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The case of complete multipartite graphs is left as

Conjecture 20 [8] If n1, . . . , nk ≥ 2, then

ED(Kn1,...,nk) = 4(n1 + . . .+ nk − k).

Unusually large number of recent papers dealt with the topic of finding distance

equienergetic graphs. Most of the examples are based on graph compositions described

in previous section. To begin with, we see from (3) that any two complete bipartite

graphs with the same number of vertices, apart from the stars, are distance equienergetic.

Theorems 15 and 16 give rise to the following two theorems.

Theorem 21 [48] For i = 1, 2, let Gi be an ri-regular graph with ni vertices and diam(Gi)

≤ 2. Let Xi = 2ni − ri − 2, i = 1, 2. Then the distance energy of G1∇G2 is equal to

ED(G1∇G2) = ED(G1) + ED(G2) + Z,

where

Z =

{
0 if X1X2 ≥ n1n2

−(X1 +X2) +
√

(X1 +X2)2 − 4(X1X2 − n1n2) if X1X2 < n1n2

The previous theorem is used in [48] to construct a family of pairs of distance equiener-

getic graphs by starting from a single pair of distance equienergetic graphs H1, H2 and

then constructing new such pairs as joinsH1∇G, H2∇G with an arbitrary regular graphG

with diameter at most two. A starting pair H1, H2, together with their distance spectra,

where exponents denote multiplicities, is shown in Fig. 3.

[12, 04,−34] [12, 03,−12,−32,−4]

Figure 3: A pair of distance equienergetic graphs and their distance spectra [48].
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Theorem 22 [59] For i = 1, 2, let Gi be an ri-regular graph with ni vertices, whose

smallest eigenvalue of the adjacency matrix is at least −2 and such that Gi 6∼= Kni. Then

ED(G1∇G2) = 4(n1 + n2)− 2(r1 + r2)− 8.

The previous theorem may also hold when one of G1, G2 is a complete graph. For

example, the complete split graph CSn,s is defined as the join Kn−s∇Ks. In [8] it was

shown that ED(CSn,s) = 4((n− s) + s)− 2((n− s− 1) + 0)− 8 = 2(n+ s− 3), for n ≥ 7

and 3 ≤ s ≤ n− 3.

Theorem 22 shows that each of the following graphs forms a set of distance equiener-

getic graphs for the constant value of the sum m+ n:

ED

(
Km∇

n

2
K2

)
= 4(m+ n)− 10 for even n,

ED
(
Km∇Cn

)
= 4(m+ n)− 12,

ED

(
m

2
K2∇

n

2
K2

)
= 4(m+ n)− 12, for even m and n,

ED

(
m

2
K2∇Cn

)
= 4(m+ n)− 14, for even m,

ED (Cm∇Cn) = 4(m+ n)− 16,

Further families of arbitrarily large sets of distance equienergetic graphs may be ob-

tained from Theorem 17. For example, let G be an arbitrary, but fixed, regular graph with

degree greater than 2 and the least eigenvalue at least −2. For fixed n ∈ N , let Pn be the

set of integer partitions of n into parts of size at least three. For P = {p1, . . . , pk} ∈ Pn,

denote by CP the union of cycles with sizes p1, . . . , pk. Since each CP is 2-regular graph

with n vertices, Theorem 17 implies

Corollary 23 Graphs K1∇(CP∪G), P ∈ Pn, form a set of distance equienergetic graphs.

Further examples of distance equienergetic graphs in the literature use the line graphs

in the construction. The line graph L(G) of a graph G = (V,E) is a new graph which has

the set E as its vertex set, so that two vertices e1, e2 ∈ E are adjacent in L(G) if edges

e1, e2 have a common vertex in G. The k-th iterated line graph Lk(G) is defined recursively

by L1(G) = L(G) and Lk(G) = L(Lk−1(G)) for k ≥ 2. An useful property of line graphs

is that if G is an r-regular graph with adjacency eigenvalues λ1 = r ≥ . . . ≥ λn, then the

adjacency eigenvalues of L(G) are λi + r − 2 for i = 1, . . . , n and −2 with multiplicity

n(r − 2)/2 [12].
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Indulal et al. [41] constructed examples of distance equienergetic graphs with n vertices

for every n ≡ 1 (mod 3) ≥ 10 and n ≡ 0 (mod 6) ≥ 18 by considering, respectively,

the distance energy of L(G)∇L(G) and L(G)∇K1 for a cubic graph G. Indulal and

Gutman [39] further showed that, for a cubic graph G with n vertices, the distance

energy of K2⊗ (L2(G)∇L2(G)) depends only on n, yielding that any set of noncospectral

cubic graphs with the same number of vertices produces an equipotent set of distance

equienergetic graphs. They further showed in [40] that, for a 4-regular graph G, the

distance energy of the joined union P4[L2(G), L2(G), L2(G), L2(G)] depends only on n.

Iterated line graphs provide further examples of distance equienergetic graphs by starting

with a set of r-regular graphs with n vertices and diameter two.

Theorem 24 [49] If G is an r-regular graph of order n with diam(G) ≤ 2 and if none

of the graphs F1, F2, F3 and F4 (Fig. 4) is an induced subgraph of G, then ED(L(G)) =

2nr − 4r, while for k ≥ 2

ED(Lk(G)) = 4n
k−1∏
i=0

(2i−1r − 2i + 1)− 2(2kr − 2k+1 + 4).

F1 F2 F3 F4

Figure 4: The forbidden subgraphs in Theorem 24.

Joined union of regular graphs yields further examples of sets of distance equienergetic

graphs. Theorem 18 implies

Theorem 25 [57] Let G be a graph with n vertices and for i = 1, . . . , n, let Gi and Hi

be ri-regular graphs whose least adjacency eigenvalue is at least −2. Then

ED(G[G1, . . . , Gn]) = ED(G[H1, . . . , Hn]).

The graphs G[G1, . . . , Gn] and G[H1, . . . , Hn] share the auxiliary matrix in Theorem 18

and have a common part of the distance spectra. In order for these graphs to be distance

equienergetic, it is necessary that the union of adjacency spectra of G1, . . . , Gn is different
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from the union of adjacency spectra of H1, . . . , Hn. For example, for each n ≥ 3, the

following is a set of n+ 1 distance equienergetic graphs of order 6n and diameter n− 1:

{ Pn[C6, C6, . . . , C6, C6], Pn[C6, C6, . . . , C6, C3∪C3], Pn[C6, C6, . . . , C3∪C3, C3∪C3],

. . . , Pn[C6, C3∪C3, . . . , C3∪C3, C3∪C3], Pn[C3∪C3, C3∪C3, . . . , C3∪C3, C3∪C3] }.

Both the cycle C6 and the union of triangles C3∪C3 are 2-regular graphs with six vertices,

so all the graphs above have the same auxiliary matrix (2), and share this part of the

distance spectra. The remaining part of the distance spectrum of Pn[C6, . . . , C6︸ ︷︷ ︸
k

,

C3 ∪ C3, . . . , C3 ∪ C3︸ ︷︷ ︸
n−k

], 0 ≤ k ≤ n, is

[−4n−k,−32k,−14n−2k, 0k],

showing that no two graphs above are distance cospectral.

Examples of distance equienergetic integral circulant graphs were presented in [35].

Let n = 2pq, where p and q different odd prime numbers. The graphs ICGn(1, p) and

ICGn(1, q) are not distance cospectral, yet have equal distance energy

ED(ICGn(1, p)) = ED(ICGn(1, q)) = 4(3pq − p− q − 1).

These are the first examples of infinite families of distance equienergetic graphs obtained

without using the compositions of graphs or the iterated line graphs. In [37], it has

been shown that the graphs Gn = ICG(n, {1, 2}) and Hn = ICG(n, {p, 2p, q, 2q}), with

n = 2pq for different odd prime numbers p and q, are triply equienergetic: they have equal

graph energy E(Gn) = E(Hn) = 8(p− 1)(q − 1), Laplacian energy EL(Gn) = EL(Hn) =

8(p− 1)(q − 1), and distance energy ED(Gn) = ED(Hn) = 8(p− 1)(q − 1) + 4pq.

5.1 Bounds on distance energy

The following lower bound settles a conjecture from [8].

Theorem 26 [64] If G has n ≥ 2 vertices and m edges, then

ED(G) ≥ 4(n− 1)− 4m

n

with equality if and only if G is the complete graph, the cocktail party graph, a regular

line graph of diameter two, or a regular exceptional graph of diameter two.
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A graph is called exceptional if its smallest adjacency eigenvalue is at least -2, but the

graph itself is not a line graph of another graph. More details on exceptional graphs may

be found in [14].

A Nordhaus-Gaddum type bound on ED(G) appears in the same paper:

Theorem 27 [64] If G has n ≥ 2 vertices and G is also connected, then

ED(G) + ED(G) ≥ 6(n− 1)

with equality if and only if G and G both have exactly one positive distance eigenvalue

and are both regular graphs of diameter two.

Several upper bounds on the distance energy are given in the following theorems.

Theorem 28 [64] If G has diameter at most two, then

ED(G) ≤ 2(n− 1) + E(G).

In the previous theorem E(G) is the energy of G, i.e., the sum of absolute values of the

adjacency eigenvalues of G.

Theorem 29 [41] If G has n vertices, m edges and diameter two, then

ED(G) ≤ 2(n− 1)− 2m

n
+

√
(n− 1)

[
(2n+m)(2− 4m

n2
)− 4

]

Recall that the transmission t(v) of a vertex v is the sum of distances from v to all

other vertices of G. The second order transmission T (v) the vertex v is defined as

T (v) =
n∑
u=1

d(v, u)t(u).

Theorem 30 [38] For a graph G, let S(G) =
∑

(u,v)∈V×V d
2(u, v). Then

ED(G) ≤

√√√√∑v∈V T 2(v)∑
v∈V t(v)2

+

√√√√(n− 1)

[
S(G)−

∑
v∈V T 2(v)∑
v∈V t(v)2

]
,

with equality if and only if either G is a complete graph or there exists k such that T (v)
t(v)

= k

for every v ∈ V and G has exactly three distinct distance eigenvalues k,
√

S(G)−k2
n−1

and

−
√

S(G)−k2
n−1

.

154



Fix α ∈ R and, for each v ∈ V , define the values M1(v), M2(v), . . . , Mt(v), . . . as

follows:

M1(v) = tα(v), Mt(v) =
∑
u∈V

d(v, u)Mt−1(u), t ≥ 2.

The following theorem further improves previous bound.

Theorem 31 [29] For any fixed values α ∈ R, t ∈ Z,

ED(G) ≤

√√√√∑v∈V M
2
t+1(v)∑

v∈V M
2
t (v)

+

√√√√(n− 1)

[
S(G)−

∑
v∈V M

2
t+1(v)∑

v∈V M
2
t (v)

]
,

with equality if and only if G is a complete graph or there exists k ≥
√

S(G)
n

such that

Mt+1(v)
Mt(v)

= k for every v ∈ V and G has exactly three distinct distance eigenvalues

k,
√

S(G)−k2
n−1

and −
√

S(G)−k2
n−1

.

The conjectured structure of graphs with the maximum distance energy is given in

the following

Conjecture 32 [8] Let G be a graph on n vertices and m ≤ (n−2)(n−3)/2 edges having

the maximum distance energy among all graphs with n vertices and m edges. Then G

consists of the union of a path and a clique, with a number of edges added between one

end-vertex of the path and some vertices of the clique.

The graphs appearing in previous conjecture are known as the path-complete graphs and

they frequently appear as extremal graphs for distance related invariants. It is not hard to

see that there is a unique path-complete graph for every pair of n and m, n−1 ≤ m ≤
(
n
2

)
.

Their earliest mention in the literature is in the paper of Šoltés [55].

6 Distance spectral radius

In this section we will survey results on distance spectral radius ρ(G) = ρ1(G). By the

Perron-Frobenius theorem, the distance spectral radius ρ(G) of a connected graph G has

a positive eigenvector x.

Let e = (u, v) be an edge of G such that G′ = G− e is also connected, and let D′ be

the distance matrix of G − e. The removal of e may not create shorter paths than the

ones in G, and therefore dij ≤ d′ij for all i, j ∈ V . Moreover, 1 = duv < d′uv and by the

Perron-Frobenius theorem, we conclude that

ρ(G) < ρ(G− e). (4)
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In particular, for any spanning tree T of G, we have that

ρ(G) ≤ ρ(T ). (5)

Similarly, adding a new edge e = (u, v) to G does not increase distances, while it does

decrease at least one distance – the distance between u and v is one in G+ e and at least

two in G. Again by the Perron-Frobenius theorem,

ρ(G+ e) < ρ(G). (6)

The inequality (6) tells us immediately that the complete graph Kn has the minimum

distance spectral radius among the connected graphs on n vertices, while the inequality

(5) shows that the maximum distance spectral radius will be attained for a particular

tree.

Furthermore, the complete bipartite graph Kp,q has the minimum distance spectral

radius among connected bipartite graphs with p vertices in one partite set and q vertices in

the other partite set. LetG be a connected bipartite graph with bipartition V (G) = A∪B,

|A| = p, |B| = q, p+ q = n. Then ρ(G) ≥ n− 2 +
√
n2 − 3pq with equality if and only if

G ∼= Kp,q. Note that ρ(Kp,q) = p+ q − 2 +
√

(p+ q)2 − 3pq attains minimum if and only

if |p− q| ≤ 1.

We will use Rayleigh quotient inequality for the largest eigenvalue [12]

ρ ≥ xTDx

xTx
=

2
∑
i<j xixjdij∑n
i=1 x

2
i

,

with equality if and only if x is the eigenvector corresponding to the largest eigenvalue

of D.

6.1 Principal eigenvector entries

In this section we will present some results on the entries of the principal eigenvector

corresponding to ρ(G).

Let S be the sum of all coordinates of the eigenvector x. For an arbitrary bridge uv,

the following identity holds [58]

ρ(xu − xv) = Sv − Su = S − 2Su, (7)

where Su denotes the sum of all coordinates of the Perron vector in the component with

vertex u, after removing the edge uv.
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Theorem 33 [51] Let i − 1, i and i + 1 be three vertices of G where i − 1 is adjacent

to i and i is adjacent to i + 1. If xi−1 < xi and one of the edges (i− 1, i), (i, i + 1) is a

bridge, then xi < xi+1.

In the special case when the graph is a tree T , then every edge is a bridge, so we

obtain the following.

Theorem 34 [51] Let T be a tree on n > 2 vertices. If xi−1 < xi, then the eigenvector

entries along any path of the form (i − 1, i, . . .) form an increasing sequence of positive

numbers.

For a tree, the minimum value among the eigenvector entries occurs at an interior

vertex. Moreover, this minimum may occur at two vertices at most, in which case they are

adjacent. For a tree, the maximum value among eigenvector entries occurs at a pendant

vertex and may occur at several vertices, in which case they form an independent set.

Let G be a simple graph and v one of its vertices. For k, l ≥ 0, we denote by G(v, k, l)

the graph obtained from G∪Pk∪Pl by adding edges between v and one of the end vertices

in both Pk and Pl (see Figure 5).

Figure 5: Principal eigenvector components in G(v, k, l).

Lemma 35 [58] Let x be a positive eigenvector of G(v, k, l), k, l ≥ 1, corresponding to

ρG(v,k,l). Denote by x0 the component of x at v, by x1, . . . , xk the components of x along

Pk, starting with the vertex of Pk adjacent to v, and by y1, . . . , yl the components of x

along Pl, starting with the vertex of Pl adjacent to v. If k ≥ l, then

k∑
i=0

xi ≥
l∑

j=0

yj.

Lemma 36 [44] Let G be a connected graph with n ≥ 3 and let x = (x1, x2, . . . , xn) be

the Perron eigenvector of the distance matrix. If NG(v) \ {u} = NG(u) \ {v} for some

vertices u and v, then xv = xu.
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Proof. From the matrix equation D · x = ρ(G) · x, for the components with u and v

we have

ρ · xv = duv · xu +
∑

w∈V \{v,u}
dvwxw

ρ · xu = dvu · xv +
∑

w∈V \{v,u}
duwxw.

Since the sets of direct neighbors of u and v are equal, it follows that duw = dvw for every

vertex w from V \{v, u}. By subtracting the above relations, we get (ρ−dvu)(xv−xu) = 0.

As duv = 1 or duv = 2, it follows ρ > dvu and finally xv = xu.

Das obtained bounds on minimal and maximal entry in the principal eigenvector for

the distance matrix of a graph.

Theorem 37 [18] Let y = (y1, y2, . . . , yn)T be the p-norm normalized principal eigen-
vector corresponding to spectral radius of D(G) and y1 ≥ y2 ≥ . . . ≥ yn. If p ≥ 1,
then

yn ≤ min

{(
(ρ− n+ α+ 1)p

(n− α)αp + α(ρ− n+ α+ 1)p

)1/p

,

(
(ρ− 2α+ 2)p

(n− α)(ρ− 2α+ 2)p + α(n− α)p
)1/p

}
,

with equality if and only if G ∼= CS(n, α).

Theorem 38 [18] Let y = (y1, y2, . . . , yn)T be the p-norm normalized principal eigen-

vector corresponding to spectral radius of D(G) and y1 ≥ y2 ≥ . . . ≥ yn. If p ≥ 2,

then (
ρp−2

ρp−2 + ((n− 1)d− (d− 1)δ)p−1

)1/p

≤ y1 ≤
(
d(ρ− n+ 2)p−1

ρd(ρ− n+ 2)p−1

)1/p

,

where d and δ are the diameter and the minimum degree of G, respectively. Moreover,

both sides of the equality hold if and only if G ∼= Kn. If p = 1, then

1

ρ+ 1
≤ y1 ≤

d

d+ ρ
,

with equality if and only if G ∼= Kn.

6.2 Transformations

Let v be a vertex of a tree T of degree p+ 1. Suppose that vv1, vv2, . . . , vvp are pendant

edges incident with v, and that w is the neighbor of v distinct from v1, v2, . . . , vp. Then

we form a tree T ′ = σ(T, v) by removing the edges vv1, vv1, . . . , vvp from T and adding p

new pendant edges wv1, wv2, . . . , wvp incident with w. We say that T ′ is a σ-transform

of T .
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Figure 6: σ transformation applied to vertices v.

Theorem 39 [36] Let T ′ = σ(T, v). Then it holds

ρ(T ′) ≤ ρ(T )

with equality if and only if T ∼= Sn.

Proof. Consider the Perron’s eigenvector x corresponding to the spectral radius ρ′ in

T ′. Let S be the sum of all coordinates xv.

Let a = xw be the coordinate at the vertex w, and using symmetry for vertices

v, v1, v2, . . . , vp we have equal coordinates b. Let D′ be the distance matrix of T ′. After

transformation, the distances from vertices v1, v2, . . . , vp to v increase by one, while to all

other vertices decrease by one. If S > (p+ 2)b, using Rayleigh quotient we have

ρ ≥ xTDx

xTx
=

xTD′x + 2bp · (S − (p+ 1)b)− 2bp · b
xTx

>
xTD′x

xTx
= ρ′.

Using Equation (7), for the pendant vertex vi it holds

ρ′(b− a) = S − 2b > a+ (p− 1)b,

which means that b > a. We have to exclude the case when T ′ is isomorphic to a star

with p+ 2 vertices, since in that case holds ρ = ρ′.

Assume that S ≤ (p + 2)b. We will find one vertex with Perron vector’s coordinate

c > a that has at least one pendant vertex attached to it. For every edge uu′ in G, such

that u′ is further from w than u in T ′, we have

ρ′(xu′ − xu) = Su − Su′ = 2Su − S ≥ 2(a+ (p+ 1)b)− (p+ 2)b = 2a+ pb > 0.

and finally xu′ > xu. This means that all vertices in T \ {v, v1, v2, . . . , vp, w} have greater

coordinates than a. For an arbitrary pendant vertex u′ and its only neighbor u in T \

{v, v1, v2, . . . , vp, w} we have

xu′ =
S + ρ′xu
ρ′ + 2

≥ S + ρ′a

ρ′ + 2
= b,
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which is a contradiction, since S ≥ (p+ 1)b+ a+ xu′ > (p+ 2)b.

Ilić and Stevanović proved the following lemma for graphs G(v, k, l) and G(v, k+1, l−

1).

Lemma 40 [58] Let G be a simple graph and v one of its vertices. If k ≥ l ≥ 1, then

ρ(G(v, k, l)) < ρ(G(v, k + 1, l − 1)). (8)

Therefore, we have for k ≥ l ≥ 1,

ρ(G(v, k, l)) < ρ(G(v, k + 1, l − 1)) < ρ(G(v, k + 2, l − 2)) < . . . < ρ(G(v, k + l, 0)). (9)

Zhang and Godsil further improved this result by showing the following

Theorem 41 [62] Let u and v be two adjacent vertices of a connected graph G and for

positive integers k and l, let Gk,l denote the graph obtained from G by adding paths of

length k at u and length l at v. If k > l ≥ 1, then ρ(Gk,l) < ρ(Gk+1,l−1); if k = l ≥ 1,

then ρ(Gk,l) < ρ(Gk+1,l−1) or ρ(Gk,l) < ρ(Gk−1,l+1).

6.3 Extremal values of distance spectral radius of some classes
of trees

In this section we will present some extremal trees with minimal or maximal distance

spectral radius.

Let T be an arbitrary rooted tree. We can find a vertex v that is the parent of the leaf

on the deepest level and apply σ-transformation at v to decrease the distance spectral

radius. We perform this algorithm until we get a star Sn. This proves the following

Corollary 42 [36, 58] The star Sn has minimum distance spectral radius among trees

on n vertices.

Furthermore, we can order all double stars Sn(a, b) based on the distance spectral

radius.

Lemma 43 [36] If a ≥ b ≥ 1, then ρ(Sn(a, b)) > ρ(Sn(a+ 1, b− 1)).
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Proof. By the technique of divisor (see [12]), we know that ρ(Sn(a, b)) is the largest

root of the equation on x as follows:

fa,b(x) = x4 − (2n− 8)x3 − (5ab+ 4n− 16)x2 − (4ab+ 8n− 16)x− 4n+ 4 = 0.

For a ≥ b ≥ 1, it is easily checked that fa,b(x)− fa+1,b−1(x) = −(a− b+ 1)(5x+ 4)x < 0

for x > 0, implying that ρ(Sn(a, b)) > ρ(Sn(a+ 1, b− 1)).

Ruzieh and Powers in [51] proved that for n ≥ 3 the path Pn has the maximum

distance spectral radius among trees on n vertices. Stevanović and Ilić in [58] generalized

this result by determining the extremal trees with given maximum vertex degree ∆. The

path is a unique tree with ∆ = 2, while the star Sn is the unique tree with ∆ = n − 1.

Therefore, we can assume that 3 ≤ ∆ ≤ n− 2.

A ∆-starlike tree T (n1, n2, . . . , n∆) is a tree composed of the root vertex v, and the

paths P1, P2, . . . , P∆ of lengths n1, n2, . . . , n∆ attached at v. Therefore, the number of

vertices of T (n1, n2, . . . , n∆) equals n = n1 + n2 + . . . + n∆ + 1. The ∆-starlike tree is

balanced if all paths have almost equal lengths, i.e., |ni−nj| ≤ 1 for every 1 ≤ i ≤ j ≤ ∆.

The broom Bn,∆ = T (1, 1, . . . , 1, n−∆−1) is a ∆-starlike tree obtained from a star S∆+1

by attaching a path of length n−∆ to one of its pendent vertices.

Theorem 44 [58] Let T 6∼= Bn,∆ be an arbitrary tree on n vertices with the maximum

vertex degree ∆. Then

ρ(Bn,∆) > ρ(T ).

Proof. Fix a vertex v of degree ∆ as a root. Let T1, T2, . . . , T∆ be maximal disjoint

trees attached at v. We can repeatedly apply the transformation from Lemma 40 at any

vertex of degree at least three with the largest eccentricity from the root in every tree Ti,

as long as Ti does not become a path. From Lemma 40 it follows that each application

of this transformation strictly increases its distance spectral radius.

When all trees T1, T2, . . . , T∆ turn into paths, we can again apply the inequalities (9)

at the vertex v as long as there exist at least two paths of length at least two, further

increasing the distance spectral radius. At the end of this process, we arrive at the broom

Bn,∆.

Next, for ∆ > 2, we can apply the transformation from Lemma 40 at the vertex of

degree ∆ in Bn,∆ and obtain Bn,∆−1. Thus, ρ(Bn,∆) < ρ(Bn,∆−1) for ∆ > 2, which shows

161



the chain of inequalities

ρ(Sn) = ρ(Bn,n−1) < ρ(Bn,n−2) < . . . < ρ(Bn,3) < ρ(Bn,2) = ρ(Pn).

From the proof of Theorem 44, it follows that Bn,3 has the second maximum distance

spectral radius among trees on n vertices, and Sn(n − 2, 2) has the second minimum

distance spectral radius among trees on n vertices.

Theorem 45 [58] The balanced ∆-starlike tree has minimum distance spectral radius

among ∆-starlike trees of order n.

A complete ∆-ary tree is defined as follows. Start with the root having ∆ children.

Every vertex different from the root, which is not in one of the last two levels, has exactly

∆−1 children. While in the last level all nodes need not exist, those that do fill the level

consecutively (see Figure 7). Thus, at most one vertex on the level before the last has its

degree different from ∆ and 1.

Figure 7: The complete 3-ary tree of order 19.

These trees are also called Volkmann trees, as they represent alkanes with the minimal

Wiener index [22]. Volkmann trees also have the maximal greatest eigenvalue among trees

with maximum degree ∆, as shown in [53].

A computer search among trees with up to 24 vertices revealed that complete ∆-ary

trees attain the minimum values of the distance spectral radius among the trees with the

minimum vertex degree ∆. Based on this argument and the above-mentioned empirical

observations, we pose the following

Conjecture 46 [58] A complete ∆-ary tree has the minimum distance spectral radius

ρ(T ) among trees on n vertices with maximum degree ∆.
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Next we will determine extremal trees with given matching number. For 1 ≤ β ≤ n
2
,

the graph An,β is obtained from the star graph Sn−β+1 by attaching a pendent edge to

each of certain β− 1 non-central vertices of Sn−β+1. We call An,β a spur and note that it

has an β-matching.

Theorem 47 [34] Let T be an arbitrary tree on n ≥ 4 vertices with the matching number

1 ≤ β ≤ bn/2c. Then,

ρ(T ) ≥ ρ(An,β),

with equality if and only if T ∼= An,β.

Furthermore, it can be easily proved that among trees with perfect matching and

maximum degree ∆, the ∆-starlike tree T (1, n−2∆+2, 2, 2, . . . , 2) has maximal distance

spectral radius.

The dumbbell D(n, a, b) consists of the path Pn−a−b together with a independent

vertices adjacent to one pendent vertex of P and b independent vertices adjacent to the

other pendent vertex. In [15] it is shown that

W (T ) ≤ W (D(n,
⌈
n+ 1

2

⌉
− β,

⌊
n+ 1

2

⌋
− β)),

with equality if and only if G ∼= D(n, dn+1
2
e − β, bn+1

2
c − β). Based on the computer

results for trees up to 24 vertices, and high correlation between the Wiener index and

distance spectral radius of trees, we pose the following

Conjecture 48 [34] Among trees on n vertices and matching number β, the dumbbell

D(n, dn+1
2
e− β, bn+1

2
c− β) is the unique tree that maximizes the distance spectral radius.

In [61], the authors gave some graft transformations that decrease and increase ρ(G)

and proved that the graph S ′n (obtained from the star Sn on n vertices by adding an edge

connecting two pendent vertices) has minimal distance spectral radius among unicyclic

graphs on n ≥ 6 vertices; while P ′n (obtained from a triangle K3 by attaching pendent

path Pn−3 to one of its vertices) has maximal distance spectral radius among unicyclic

graphs on n vertices.

6.4 Extremal values of distance spectral radius of some classes
of graphs

The independence number α(G) of a graph G is the cardinality of the largest independent

set.
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Theorem 49 [36] Among n-vertex graphs with given independence number α, the com-

plete split graph CSn,α has the minimum value of distance spectral radius.

Proof. Let G∗ be a graph having the minimum distance spectral radius among all

connected graphs of order n with the independence number α. Let I∗ be the independent

vertex set of G∗. By Equation (6) it follows that G is isomorphic to a complete split

graph CSn,α.

Let x be the Perron vector of D(CSn,α) corresponding to ρ(CSn,α) = ρ. From the

symmetry of CSn,α, we can assume the eigencomponents of x corresponding to the vertices

in Kn−α are x1, the eigencomponents of x corresponding to the vertices in Kα are x2.

Then we have

ρx1 = (n− α− 1)xi + αx2,

ρx2 = (n− α)x1 + 2(α− 1)x2.

Simplifying the above equations, we have

ρ2 − (n+ α− 3)ρ+ αn− 2n− α2 + 2 = 0,

and

ρ =
1

2

(
n+ α− 3 +

√
n2 − 2αn+ 2n+ 5α2 − α + 1

)
.

Recall that the vertex connectivity of the graph H is the minimum number of vertices

whose removal yields a disconnected graph. Liu in [44] proved the following

Theorem 50 [44] Let G be an n-vertex connected graph with the vertex connectivity κ,

where 1 ≤ κ ≤ n− 2. Then

ρ(G) ≥ ρ(Kκ ∨ (K1∇Kn−1−κ)),

with equality if and only if G ∼= Kκ ∨ (K1∇Kn−1−κ).

Theorem 51 [44] Let G be an n-vertex connected graph with the matching number β,

where 2 ≤ β ≤ bn
2
c.

1. If β = bn
2
c, then ρ(G) ≥ n− 1 with equality G ∼= Kn;
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2. If 2 ≥ β ≥ bn
2
c − 1, then ρ(G) ≥ ρ(Kβ∇Kn−β) with equality if and only if G ∼=

Kβ∇Kn−β.

The chromatic number of a graph G is the smallest number of colors needed to color

the vertices of G such that any two adjacent vertices have different colors. A subset

of vertices assigned to the same color is called a color class, every such class forms an

independent set. The Turán graph Tn,r is a complete r-partite graph on n vertices for

which the numbers of vertices of vertex classes are as equal as possible.

Theorem 52 [44] Let G be an n-vertex connected graph with the chromatic number χ,

where 2 ≤ χ ≤ n− 1. If G 6∼= Tn,χ, then ρ(G) > ρ(Tn,χ).

The graph Gn,k is obtained by adding paths Pl1+1, . . . , Pln−k+1 of almost equal lengths

to the vertices of the complete graph Kn−k; that is, the lengths l1, . . . , ln−k of Pl1+1, . . . ,

Pln−k+1 which satisfy |li − lj| ≤ 1 for 1 ≤ i ≤ j ≤ n − k. Let Kk
n be the graph (edge) is

any vertex (edge) that when removed increases the number of connected components.

Theorem 53 [62] Among all the connected graphs with n vertices and k cut vertices, the

minimal distance spectral radius is obtained uniquely at Gn,k.

Theorem 54 [62] Among all the connected graphs with n ≥ 4 vertices and k cut edges,

the minimal distance spectral radius is obtained uniquely at Kk
n.

In [5] the authors determined the unique graph with minimal distance spectral radius

in the class of all connected graphs of order n with r pendent vertices. Let Grn be the class

of all connected graphs of order n with r pendent vertices. Notice that G1
3 = ∅. However,

when n ≥ 4 we have Grn 6= ∅ if and only if 0 ≤ r ≤ n− 1; furthermore, Gn−1
n has only one

graph, namely Sn, and Gn−2
n consists of precisely all double stars of order n.

Theorem 55 [5] For n ≥ 4 and 0 ≤ r ≤ n − 1, there is a unique graph in Grn with

minimal distance spectral radius, namely Kr
n for r 6= n− 2 and the graph Sn(n− 3, 1) for

r = n− 2.

Furthermore, the authors presented the unique graph that maximizes the distance

spectral radius in Grn for each r ∈ {2, 3, n− 3, n− 2, n− 1}.
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6.5 Upper and lower bounds on distance spectral radius

In this section, we present various upper and lower bounds on distance spectral radius.

Since ρ(G) > 0, it follows that

ED(G) ≥ 2ρ(G),

with equality if and only if G has exactly one positive distance eigenvalue. Thus, the

lower bounds for ρ(G) may be converted to lower bounds for ED(G).

For transmissions and second order transmissions, it can be easily proved that

T (v1) + T (v2) + . . .+ T (vn) = t2(v1) + t2(v2) + . . .+ t2(vn).

The following lower bound is one of the most used bounds for distance spectral radius.

Theorem 56 Let G be a graph with transmission array {t1, t2, . . . , tn}. Then

ρ(G) ≥
√
t21 + t22 + . . .+ t2n

n
,

with equality if and only if G is t1 = t2 = . . . = tn.

Proof. Let x = (x1, x2, . . . , xn) be the unit Perron eigenvector of D corresponding to

ρ(G). For the unit positive vector c = 1√
n
(1, 1, . . . , 1) we have

ρ(G) = ρ(D) =
√
ρ(D2) =

√
xD2xT ≥

√
cD2cT .

Since cD = 1√
n
(t1, t2, . . . , tn) it follows

cD2cT = cD(cD)T =
1

n

n∑
i=1

t2i .

Finally, we get ρ(G) ≥
√

1
n

∑n
i=1 t

2
i .

Suppose that there holds t1 = t2 = . . . = tn = k. Then by the Perron-Frobenious

theorem, k is the simple greatest eigenvalue of D and

ρ(G) = k =

√
nk2

n
=

√√√√ 1

n

n∑
i=1

t2i .

Conversely if the equality holds then c is the eigenvector corresponding to ρ. Hence

cD = ρc and ti = ρ for all 1 ≤ i ≤ n. This completes the proof.
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The Wiener index of a connected graph G can be defined as W (G) = 1
2

∑
v∈V t(v).

Using the Cauchy–Schwarz inequality, it follows

ρ(G) ≥ 2W (G)

n
,

with equality if and only if D(G) has equal row sums.

Indulal in [38] presented even stronger lower bound using the second order transmis-

sion

ρ(G) ≥

√√√√T 2
1 + T 2

2 + . . .+ T 2
n

t21 + t22 + . . .+ t2n
,

with equality if and only if T1
t1

= T2
t2

= . . . = Tn
tn

.

Theorem 57 [38] Let G be a graph on n vertices with the Wiener index W (G) and the

distance degree sequence (D1, D2, . . . , Dn). Then

ρ(G) ≥ max
1≤i≤n

1

p− 1

(
W (G)− ti +

√
(W (G)− ti)2 + (p− 1)t2i

)
.

In [29] the authors obtained a lower bound for the largest D-eigenvalue of G and an

upper bound for ED(G) which improve bounds from [38]. For each 1 ≤ i ≤ n we define

the sequence M
(1)
i ,M

(2)
i , . . . ,M

(t)
i , . . . as follows: fix α ∈ R and let M

(1)
i = Dα

i and for

each t ≥ 2 let M
(t)
i =

∑n
i=1 dijM

(t−1)
j .

Theorem 58 [29] Let G be a connected graph, α real number and t be an integer. Then,

ρ(G) ≥

√√√√∑n
i=1(M

(t+1)
i )2∑n

i=1(M
(t)
i )2

.

Equality holds for particular values of α and t if and only if
M

(t+1)
1

M
(t)
1

=
M

(t+1)
2

M
(t)
2

= . . . = M
(t+1)
n

M
(t)
n

.

Recently in [65] and [63], Zhou and Trinajstić provided upper and lower bounds for

ρ(G) in terms of the number of vertices, Wiener index and Zagreb index.

Let Gone be the class of connected graphs for which the distance matrix of each graph

has exactly one positive eigenvalue. Let S(G) be the sum of the squares of the distances

between all unordered pairs of vertices in G. Since the sum of the k-th powers of the

eigenvalues equals the trace of the matrix Dk, we have

n∑
i=1

ρi(G) = 0, (10)

n∑
i=1

ρ2
i (G) = 2S(G). (11)
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Theorem 59 [65] Let G ∈ Gone with n ≥ 2 vertices. Then

ρ(G) ≤
√

2(n− 1)

n
S(G), (12)

with equality if and only if G ∼= Kn.

Proof. From (10) we have ρ1(G) = −∑n
i=2 ρi(G). Further, from (11) and the Cauchy-

Schwarz inequality,

ρ2
1(G) =

(
n∑
i=2

ρi(G)

)2

≤ (n− 1)
n∑
i=2

ρ2
i (G) = (n− 1)

(
2S(G)− ρ2

1(G)
)

with equality if and only if ρ2(G) = . . . = ρn(G). Thus

nρ2
1(G) ≤ 2(n− 1)S(G),

from which (12) follows.

Suppose that equality holds in (12). Then ρ2(G) = . . . = ρn(G) and so D(G) has

exactly two distinct eigenvalues. Note that D is a nonnegative irreducible symmetric

matrix. Then D = uuT + rI for some positive vector u and some r, by a lemma from [7].

Since each diagonal entry of D is zero, we have u =
√
−rj, for an all-one vector j. So

Dij = −r for all i 6= j, i.e., D = −r(J − I). This implies that r = −1 and then G ∼= Kn.

Theorem 60 [65, 63] Let G ∈ Gone with n ≥ 2 vertices. Then

ρ(G) ≥
√
S(G),

with equality if and only if G ∼= K2.

Furthermore, for triangle-free and quadrangle-free connected graph G with n ≥ 2

vertices and m edges, we have

ρ(G) ≥ 3(n− 1)− M1(G) + 2m

n
,

where M1(G) =
∑n
i=1 d

2
i is the first Zagreb index. The equality holds if and only if the

row sums of D are all equal and the diameter of G is at most three.

Gutman and Medeleanu [31] obtained the following bounds for ρ(G):√
S(G)

2
+ n(n− 1)

(
n− 1

4

)2/n

< ρ(G) <

√
(n− 1)S(G)

2
+ n

(
n− 1

4

)2/n

.
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Theorem 61 [63] Let T be a tree with n ≥ 3 vertices. Then

max{
√
S(G), (n− 1)21− 2

n} < ρ <

√
2(n− 1)S(G)

n
.

Theorem 62 [41] Let G be an (n,m) graph of diameter two. Then

ρ(G) ≥ 2(n− 1)− 2m

n
,

with equality if and only if G is a regular graph.

Zhou and Ilić [64] proved the following bounds on distance spectral radius involving

maximum and minimum vertex degrees, that generalized the results from [16].

Theorem 63 Let G be a connected graph with n vertices, maximum degree ∆1 and second

maximum degree ∆2. Then

ρ(G) ≥
√

(2n− 2−∆1)(2n− 2−∆2)

with equality if and only if G is a regular graph with diameter less than or equal to 2.

Proof. Let x = (x1, x2, . . . , xn)T be a Perron eigenvector of D(G) corresponding to the

largest eigenvalue ρ(G), such that

xi = min
k∈V (G)

xk and xj = min
k∈V (G)
k 6=i

xk.

From the eigenvalue equation ρ(G) · x = D(G) · x, written for the component xi we have

ρ(G)xi =
n∑
k=1

dik · xk ≥ dixj + (n− 1− di)2xj = (2n− 2− di)xj.

Analogously for the component xj we have

ρ(G)xj =
n∑
k=1

dik · xk ≥ djxi + (n− 1− dj)2xi = (2n− 2− dj)xi.

Combining these two inequalities, it follows

ρ(G) ≥
√

(2n− 2− di)(2n− 2− dj) ≥
√

(2n− 2−∆1)(2n− 2−∆2).

The equality holds if and only if the diameter of G is less than or equal to 2, and all

coordinates xi are equal. For d = 1, we get a complete graph Kn. For d = 2, we get

ρ(G)xi = dixi + 2(n − 1 − di)xi, and then ρ(G) = 2n − 2 − di, which means that G is

a regular graph. Conversely, it is easily seen that ρ(G) = 2n − 2 −∆1 if G is a regular

graph with diameter less than or equal to 2.

169



Theorem 64 [64] Let G be a connected graph with n vertices, minimum degree δ1 and

second minimum degree δ2. Let d be the diameter of G. Then

ρ(G) ≤

√√√√[dn− d(d− 1)

2
− 1− δ1(d− 1)

] [
dn− d(d− 1)

2
− 1− δ2(d− 1)

]

with equality if and only if G is a regular graph with diameter less than or equal to 2.

Theorem 65 [64] Let G be a connected bipartite graph with bipartition V (G) = A ∪ B,

|A| = p, |B| = q, p + q = n. Let ∆A and ∆B be maximum degrees among vertices from

A and B, respectively. Then

ρ(G) ≥ n− 2 +
√
n2 − 4pq + (3q − 2∆A)(3p− 2∆B)

with equality if and only if G is a complete bipartite graph Kp,q or G is a biregular bipartite

graph with every vertex eccentricity equal to 3.

A Nordhaus-Gaddum type result for the distance spectral radius have been obtained

as well.

Theorem 66 [65] Let G be a connected graph on n ≥ 4 vertices with a connected com-

plement G. Then

3(n− 1) ≤ ρ(G) + ρ(G) <
n(n+ 3)

2
− 3,

with left equality if and only if both G and G are regular graphs of diameter two. Moreover,

if G ∈ Gone or G ∈ Gone, then

ρ(G) + ρ(G) <

√
(n+ 1)n(n− 1)2

6
+ 2n− 3.

The next theorem further improves the lower bound.

Theorem 67 [18] Let G be a connected graph with n ≥ 4 vertices, with a connected

complement G. Then

3(n− 1) +
d(d− 1)(d− 2)

3n
≤ ρ(G) + ρ(G),

where d is the diameter of G. The equality if and only if both G and G are regular graphs

of diameter two.
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7 Reciprocal distance matrix

The reciprocal distance matrix RD of G, also called the Harary matrix, is an n×n matrix

such that RDi,j = 1
di,j

for i 6= j and RDi,i = 0 for all 1 ≤ i ≤ n. Since RD is a real

symmetric matrix, its eigenvalues are real. Ivanciuc et al. [42] showed that the spectral

radius of the reciprocal distance matrix is capable of producing fair QSPR models for

the boiling points, molar heat capacities, vaporization enthalpies, refractive indices and

densities for C6–C10 alkanes.

Das [17] has obtained the following upper bound on the spectral radius ρRD(G) of the

reciprocal distance matrix.

Theorem 68 [17] Let G be a connected graph with n ≥ 2 vertices, m edges and minimum

vertex degree δ. Then

ρRD(G) ≤ 1

2

√
(n− 1)2 + 3(2m− δ),

with equality if and only if G ∼= Kn.

Das has also established the Nordhaus-Gaddum-type result for the spectral radius.

Theorem 69 [17] Let G be a connected graph with n ≥ 4 vertices, with a connected

complement G. Then

ρRD(G) + ρRD(G) ≥ (n− 1)

(
1 +

1

max (d, d)

)
,

where d and d are the diameters of G and G. The equality holds if and only if both G

and G are regular graphs of diameter 2.

The reciprocal distance energy ERD(G) of G, defined as the sum of the eigenvalues

of the reciprocal distance matrix RD(G), has been studied in [30], where the following

bounds have been proved. Let

s(G) =
∑

{u,v}⊆V,u6=v

(
1

d(u, v)

)2

.

Then

Theorem 70 [30] For a connected graph G

√
2s(G) ≤ ERD(G) ≤ min


√

2ns(G),
2s(G)

n
+

√√√√√(n− 1)

2s(G)−
(

2s(G)

n

)2

 .
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A few conjectures on the behaviour of ERD(G) have been obtained in [56], among

which are

Conjecture 71 [56] Among trees on n vertices, the star Sn has the minimal reciprocal

distance energy for n ≥ 14, while the path Pn has the maximal reciprocal distance energy

for n ≥ 17.

Conjecture 72 [56] Among trees on n vertices with diameter three, the star Sn−1, with

a pendant edge attached to one of its leaves, has the minimal reciprocal distance energy.

However, it was impossible to pose a convincing conjecture on the extremes of the re-

ciprocal distance energy for a number of other classes of graphs and trees, suggesting

that the behavior of the reciprocal distance energy could be more erratic than that of the

distance energy.

References

[1] M. Aouchiche, P. Hansen, On a conjecture about the Szeged index, Eur. J. Comb.

31 (2010) 1662–1666.

[2] A. T. Balaban, D. Ciubotariu, M. Medeleanu, Topological indices and real number

vertex invariants based on graph eigenvalues or eigenvectors, J. Chem. Inf. Comput.

Sci. 31 (1991) 517–523.

[3] K. Balasubramanian, Computer generation of distance polynomials of graphs, J.

Comput. Chem. 11 (1990) 829–836.

[4] K. Balasubramanian, A topological analysis of the C60 buckminsterfullerene and C70

based on distance matrices, Chem. Phys. Lett. 239 (1995) 117–123.

[5] S. S. Bose, M. Nath, S. Paul, Distance spectral radius of graphs with r pendent

vertices, Lin. Algebra Appl., in press.

[6] A. E. Brouwer, A. M. Cohen, A. Neumaier, Distance Regular Graphs , Springer–

Verlag, Heidelberg, 1989.
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