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aDepartment of Mathematics, Central South University,

Changsha, Hunan, P.R. China, 410075
bSchool of Mathematics, Shandong Institute of Business and Technology,

191 Binhaizhong Road, Yantai, Shandong, P.R. China, 264005
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Let G be an n-vertex simple graph embeddable on a surface of Euler genus γ. We present the
upper bounds for the signless Laplacian spectral radius of G in terms of n and γ, with further
improvements when G is an outerplanar or Halin graph.
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1. Introduction

Let G be a simple graph with the vertex set V (G) and the edge set E(G). The
order of a graph is the cardinality of its vertex set. The adjacency matrix of G
is A(G) = (aij) whose entries are aij = 1 if two vertices i and j are adjacent
in G and 0 otherwise. The Laplacian matrix of G is L(G) = D(G) − A(G), where
D(G) = diag(d(u))u∈V is the diagonal matrix of vertex degrees of G, while the
signless Laplacian matrix of G is Q(G) = D(G) + A(G). The largest eigenvalue
of Q, the so-called signless Laplacian spectral radius, is denoted either by µ(Q(G)),
or µ(G), or simply µ, if Q and G are clear from the context. It is well known that
if G is connected, then Q(G) is irreducible, entrywise nonnegative and positive
definite, so from Perron-Frobenius theorem, there is a unique positive normalized
eigenvector corresponding to µ(G), called the principal eigenvector. For background
on the spectral properties of the Laplacian matrix of a graph, the reader is referred
to [11] and [12] and the references therein. The study of the spectral properties
of the signless Laplacian spectral radius attracted much attention in recent years,
and the reader may consult [2–5].
Schwenk and Wilson [14] initiated the study of the eigenvalues of planar graphs.

Cao and Vince [1] conjectured that the planar graph of order n with maximum
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spectral radius is K2
∨

Pn−2, where
∨

denotes the join of two graphs, obtained
by adding edges between all pairs of a vertex from the first and a vertex from the
second graph to the union of these graphs. Hong [8, 9] obtained some significant
results on the spectral radius of planar graphs, together with the bounds on the
spectral radius of graphs on an arbitrary surface. Shu and Hong [15] studied the
spectral radius of outerplanar graphs and Halin graphs. Ellingham and Zha [7]
presented new upper bounds on the spectral radius of graphs embeddable on a
given compact surface. Recently, Lin [10] obtained the upper bounds on the signless
Laplacian spectral radius of a graph embedded on a surface in terms of its genus
and the maximal vertex degree.
Here we obtain new upper bounds on the signless Laplacian spectral radius of

a graph embedded on surfaces in terms of its genus and the order of the graph,
with further improvements in the case that the graph is outerplanar or Halin graph.
Preliminaries are provided in Section 2, while the main results are stated and proved
in Section 3. Comparisons with Lin’s bounds [10] and computational results are
given in Section 4.

2. Preliminaries

Let Σ be a closed surface and γ be the Euler genus (=the number of crosscaps
plus twice the number of handles) of Σ. An embedding of a graph into Σ is cellular
if every face of the embedding is homeomorphic to an open disk. In particular,
if γ = 0, Σ is a sphere, which can be mapped to a plane using stereographic
projection. We call G a planar graph if G can be embedded in a plane such that
no two edges intersect. A planar graph G is outerplanar if it can be embedded
in a plane such that all vertices lie on the outer boundary face. An edge of an
outerplanar graph G is a chord if it does not belong to the outer boundary face.
An outerplanar graph G is maximal outerplanar if all its faces, other than the outer
face, are triangles. In other words, an n-vertex maximal outerplanar graph has a
plane representation as an n-gon triangulated by n−3 chords, hence, it has a total
of 2n− 3 edges and there are at least two vertices of degree two.
Let T be a tree with n ≥ 4 vertices and without vertices of degree two. If T is

embedded in the plane with the leaves v1, v2, . . . , vt arranged in clockwise direction,
then T , together with the new edges vivi+1 (where vt+1 = v1) that induce a cycle
on the set of leaves, forms a 3-connected planar graph G called a Halin graph. The
leaves of T are called the outer vertices, while the remaining vertices form the set
IV (T ) of the inner vertices.
For a vertex v of G, let n2(v) denote the number of vertices of G at distance two

from v, while d2(v) =
∑

uv∈E(G) d(u) denotes the sum of degrees of the neighbors

of v. Further, for a matrix M , denote the v-th row sum of M by sv(M). Ellingham
and Zha [7] proved the following two lemmas.

Lemma 2.1: [7] Let Q be the signless Laplacian matrix of a graph G and let
P (x) be an arbitrary real-valued polynomial in x. Then

min
v∈V (G)

sv(P (Q)) ≤ µ(P (Q)) ≤ max
v∈V (G)

sv(P (Q)).

Moreover, if the rowsums of P (Q) are not all equal then both inequalities are strict.

Lemma 2.2: [7] Let v be a vertex of a graph G on at least two vertices, embeddable
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in a surface of genus γ. If d(v) ≥ 3, then

d2(v) ≤ 6d(v) + 2n2(v) + 8γ − 8.

The next lemma was proved by Shu and Hong [15].

Lemma 2.3: [15] Let v be a vertex of a maximal outerplanar graph on n vertices,
n ≥ 2. Then

d2(v) ≤ n+ 3d(v) − 4.

3. Main results

Theorem 3.1 : Let G be a connected graph of order n ≥ 4 that can be embedded
on a surface of Euler genus γ. Then

µ(G) ≤
1

2

(

n+ 6 +
√

n2 + 4n− 20 + 64γ
)

. (1)

Proof : First, we may suppose that each vertex v of G has degree at least 3.
Otherwise, we could add one (in case d(v) = 2) or two (in case d(v) = 1) edges
from each such vertex v to other vertices in the same cell of the embedding to
which v belongs, that would, in turn, yield a graph G′ with each vertex of degree
at least 3 satisfying µ(G) ≤ µ(G′), and we might continue the proof with G′ instead
of G.
Next, for Q = D +A we have sv(Q) = 2d(v) and

sv(D
2) = sv(DA) = d2(v),

sv(AD) = sv(A
2) = d2(v).

Therefore,

sv(Q
2)− (n+ 6)sv(Q)

= sv(D
2 +DA+AD +A2)− (n + 6)sv(Q)

= 2d(v)2 + 2d2(v)− 2(n+ 6)d(v)

(by Lemma 2.2)

≤ 2d(v)2 + 2(6d(v) + 2n2(v) + 8γ − 8)− 2(n + 6)d(v)

(since 1 + d(v) + n2(v) ≤ n)

≤ 2d(v)2 + 2
(

6d(v) + 2(n − 1− d(v)) + 8γ − 8
)

− 2(n + 6)d(v)

= 2
(

d(v)2 − (n+ 2)d(v) + 2n − 10 + 8γ
)

.

Consider the quadratic function f(x) = x2 − (n + 2)x + (2n − 10 + 8γ), where x
represents the vertex degree. For 3 ≤ x ≤ n− 1 we have that

f(x) ≤ max{f(3), f(n − 1)} = −n− 7 + 8γ.

Hence,

sv(Q
2)− (n+ 6)sv(Q) + 2(n+ 7− 8γ) ≤ 0.
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From Lemma 2.1, it follows that

µ2 − (n+ 6)µ+ 2(n + 7− 8γ) ≤ 0,

which implies

µ ≤
1

2

(

n+ 6 +
√

n2 + 4n− 20 + 64γ
)

.

�

Remark. Although the choice of n+ 6 in the previous proof may look arbitrary
at the first sight, it is actually the optimal choice. Namely, analogous to above, for
a real number B we have

sv(Q
2)−Bsv(Q)

= 2d(v)2 + 2d2(v)− 2B d(v)

≤ 2d(v)2 + 2(6d(v) + 2n2(v) + 8γ − 8)− 2B d(v)

≤ 2d(v)2 + 2
(

6d(v) + 2(n− 1− d(v)) + 8γ − 8
)

− 2B d(v)

= 2
(

d(v)2 − (B − 4)d(v) + 2n− 10 + 8γ
)

.

The quadratic function f(x) = x2− (B−4)x+(2n−10+8γ) reaches its maximum
at one of the ends of the interval [3, n − 1]. Straightforward computation shows
that the maximum of f is equal to f(n− 1) if B ≤ n+6 and to f(3) if n+6 ≤ B.
In the former case, we conclude that

µ2 −Bµ− 2f(n− 1) ≤ 0,

hence

µ ≤
1

2

(

B +
√

B2 + 8f(n− 1)
)

=
1

2

(

B +
√

B2 − 8(n − 1)B + 8(n2 + 4n+ 8γ − 13)
)

:= g(B).

The function g is defined on the whole interval (−∞, n+ 6] and its first derivative
g′ is negative, yielding that the smallest upper bound for µ is obtained exactly for
B = n+ 6. Analogous argument holds in the case n+ 6 ≤ B. �

Theorem 3.2 : Let G be a connected outerplanar graph of order n ≥ 2. Then

µ(G) ≤ n+ 2. (2)

Proof : Similarly as in the proof of Theorem 3.1, we have

sv(Q
2)− (n+ 4)sv(Q) = 2d(v)2 + 2d2(v)− 2(n+ 4)d(v)

(by Lemma 2.3)

≤ 2d(v)2 + 2(n+ 3d(v) − 4)− 2(n+ 4)d(v)

= 2
(

d(v)2 − (n+ 1)d(v) + (n− 4)
)

.
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Let f(x) = x2 − (n + 1)x+ (n− 4). Since an outerplanar graph has no vertices of
degree one, we have x ∈ [2, n−1] and f(x) ≤ max{f(2), f(n−1)} = −n−2. Hence

sv(Q
2)− (n+ 4)sv(Q) + 2(n + 2) ≤ 0,

and from Lemma 2.1 it follows that

µ2 − (n+ 4)µ + 2(n+ 2) ≤ 0,

implying µ ≤ n+ 2. �

Theorem 3.3 : Let G be a Halin graph of order n ≥ 7. If G has t ≥ 1 inner
vertices, then

µ(G) ≤
1

2

(

n− 2t+ 6 +
√

(n− 2t+ 2)2 + 24
)

. (3)

Proof : We obtain the upper bound for sv(Q
2)− (n − 2t + 6)sv(Q) separately in

the cases when v is an inner or an outer vertex of G.
(i) Suppose first that v is an inner vertex. Let

N(v) = {v0, v1, . . . , vl−1;u0, u1, . . . , up−1}

be the set of neighbors of v, where v0, v1, . . . , vl−1 are outer vertices, while
u0, u1, . . . , up−1 are inner vertices. Thus, d(v) = l+ p. Further, let V ′ be the subset
of outer vertices not adjacent to v and V ′′ the subset of inner vertices not adjacent
to v. Then |V ′| = n− t− l, |V ′′| = t− p− 1.
Since G consists of a tree on n vertices and a cycle on n− t outer vertices, G has

n− 1 + n− t = 2n − t− 1 edges. From 2m =
∑

v∈V (G) d(v), it follows that

2(2n − t− 1) = d(v) +

l−1
∑

i=0

d(vi) +

p−1
∑

j=0

d(uj) +
∑

w∈V ′

d(w) +
∑

w∈V ′′

d(w)

≥ d(v) +
l−1
∑

i=0

d(vi) +

p−1
∑

j=0

d(uj) + 3(n− t− l) + 3(t− p− 1),

as each vertex in V ′ and V ′′ has degree at least three. Hence,

d2(v) =

l−1
∑

i=0

d(vi) +

p−1
∑

j=0

d(uj) ≤ n− 2t+ 1 + 2l + 2p.

From the fact that each vertex of G has degree at least three, it also follows that

d(v) = 2(2n − t− 1)−





l−1
∑

i=0

d(vi) +

p−1
∑

j=0

d(uj) +
∑

w∈V ′

d(w) +
∑

w∈V ′′

d(w)





≤ 2(2n − t− 1)− 3 (l + p+ (n− t− l) + (t− p− 1))

= n− 2t+ 1.
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Therefore,

sv(Q
2)− (n− 2t+ 6)sv(Q) = 2d(v)2 + 2d2(v) − 2(n− 2t+ 6)d(v)

≤ 2d(v)2 + 2(n − 2t+ 1 + 2l + 2p)− 2(n− 2t+ 6)d(v)

= 2d(v)2 + 2(n − 2t+ 1 + 2d(v)) − 2(n − 2t+ 6)d(v)

= 2d(v)2 − 2(n − 2t+ 4)d(v) + 2(n − 2t+ 1).

Let f(x) = x2 − (n − 2t+ 4)x+ (n− 2t+ 1). Since each vertex of G has degree
at least three, we have x ∈ [3, n − 2t+ 1]. Hence,

f(x) ≤ max{f(3), f(n − 2t+ 1)} = −2(n − 2t+ 1).

Therefore,

sv(Q
2)− (n− 2t+ 6)sv(Q) + 2(n − 2t+ 1) ≤ 0.

From Lemma 2.1 it follows that

µ2 − (n− 2t+ 6)µ + 2(n− 2t+ 1) ≤ 0,

which implies

µ ≤
1

2

(

n− 2t+ 6 +
√

(n− 2t+ 2)2 + 24
)

.

(ii) If v is an outer vertex, then d(v) = 3. If r is the unique inner vertex adjacent
to v, then d2(v) = d(r) + 2 · 3 ≤ n − 2t+ 7. Similarly as above, it can be checked
that

sv(Q
2)− (n− 2t+ 6)sv(Q) = 2d(v)2 + 2d2(v)− 2(n − 2t+ 6)d(v)

≤ −4(n− 2t+ 1) < −2(n − 2t+ 1).

Hence,

sv(Q
2)− (n− 2t+ 6)sv(Q) + 2(n− 2t+ 1) ≤ 0

holds in this case as well, implying the same upper bound on µ(G). �

Remark. By obtaining an upper bound for the expression sv(Q
2)− (n+4)sv(Q)

in an analogous manner as above, we can obtain yet another bound

µ(G) ≤
1

2

(

n+ 4 +
√

n2 − 8n+ 48− 16t
)

, (4)

in which the equality is attained if and only if G is the wheel Wn = K1
∨

Cn−1. �

4. Comparisons and computational results

Lin [10] has recently obtained the following upper bounds on µ(G) in terms of its
genus γ and the maximum vertex degree ∆.
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Theorem 4.1 : [10] (i) If G is a connected planar graph of order n ≥ 3, then

µ(G) ≤
1

2

(

∆+ 4 +
√

(∆ + 4)2 + 8(2n + 8γ − 10)
)

. (5)

(ii) If G is a connected outerplanar graph of order n ≥ 2, then

µ(G) ≤
1

2

(

∆+ 3 +
√

(∆ + 3)2 + 8(n − 4)
)

. (6)

(iii) If G is a Halin graph of order n ≥ 7 with t ≥ 1 inner vertices, then

µ(G) ≤
1

2

(

∆+ 2 +
√

(∆ + 2)2 + 8(n− 2t+ 1)
)

. (7)

For most values of ∆, Lin’s upper bound (5) is smaller than the upper bound (1).
However, if ∆ is large compared to n, then ours bounds become smaller. In partic-
ular:

• if ∆ = n−3, the upper bound (1) is smaller than the upper bound (5) whenever
200γ < 3n2 − 86n + 283. For planar graphs (γ = 0), this holds for each n ≥ 25;

• if ∆ = n − 2, the upper bound (1) is smaller than (5) whenever 64γ < 3n2 −
40n+ 101. For planar graphs, this holds for each n ≥ 10;

• if ∆ = n − 1, the upper bound (1) is smaller than (5) whenever 16γ < 2n2 −
31n + 105. If we take into account that the genus of the complete graph is
⌈(n−3)(n−4)/12⌉ (see [13]), we get that the last inequality holds for all n ≥ 29,
regardless of γ.

Similarly, the upper bound (2) is smaller than the upper bound (6) whenever
∆ = n− 1 and n ≥ 5, or ∆ = n− 2 and n ≥ 11.
Finally, the upper bound (3) is smaller than the upper bound (7) whenever

∆ = n− 2t+ 1 and t ≤ n/2− 5.

Next, we present computational results for a few selected graph types. Firstly, it
has been conjectured in [1] that the graph K2

∨

Pn−2 has the maximal adjacency
spectral radius among planar graphs, and it appears plausible that it also has the
maximal signless Laplacian spectral radius among planar graphs. Table 1 contains
the values of µ(K2

∨

Pn−2) and the upper bounds (1) and (5) for the values of n
between 100 and 500, with relative errors given in parentheses. It is evident from
data that the upper bound (1) is significantly better than (5) for these graphs;
moreover, the differences between the upper bounds and the spectral radius ap-
pear to be convergent. However, it is also evident that, for fixed γ, the bound (1)
converges to n+ 4, while the value µ(K2

∨

Pn−2) apparently converges to n+ 2.

n µ(K2
∨

Pn−2) (1) Rel. error (5) Rel. error

100 102.0400 103.9411 (1.86%) 106.5659 (4.44%)
200 202.0200 203.9703 (0.97%) 206.7723 (2.35%)
300 302.0133 303.9801 (0.65%) 306.8456 (1.60%)
400 402.0100 403.9851 (0.49%) 406.8832 (1.21%)
500 502.0080 503.9880 (0.39%) 506.9060 (0.98%)

Table 1. The spectral radius and the upper bounds for K2

∨
Pn−2.
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Secondly, it has been conjectured in [6, p. 18] that the graph K1
∨

Pn−1 has
the maximal adjacency spectral radius among outerplanar graphs, and it appears
plausible that it also has the maximal signless Laplacian spectral radius among
outerplanar graphs. Table 2 contains the values of µ(K1

∨

Pn−1) and the upper
bounds (2) and (6) for the values of n between 100 and 500, with relative errors
given in parentheses. Although both bounds appear to a small constant away from
the exact value, the upper bound (2) is still far better than (6) for these graphs.

n µ(K1
∨

Pn−1) (2) Rel. error (6) Rel. error

100 100.0412 102 (1.98%) 103.8488 (3.81%)
200 200.0203 202 (0.99%) 203.9223 (1.95%)
300 300.0135 302 (0.66%) 303.9477 (1.31%)
400 400.0101 402 (0.50%) 403.9606 (0.99%)
500 500.0080 502 (0.40%) 503.9684 (0.79%)

Table 2. The spectral radius and the upper bounds for K1

∨
Pn−1.

At last, we compute the bounds (3), (4) and (7) for two different types of Halin
graphs, both of which satisfy ∆ = n − 2t + 1. The first type of Halin graphs is
obtained from a double star, in which two central vertices have degrees n− 3 and
3, respectively. Table 3 contains the values of the signless Laplacian spectral radius
of these graphs for the values of n between 100 and 500, together with the upper
bounds (3), (4) and (6), with relative errors given in parentheses. (We do not take
wheels into account as (4) yields the exact value of the spectral radius in that case.)
Since these graphs have only two inner vertices, we also compute the bounds for
the second type of Halin graphs, obtained from a balanced tree of radius two, in
which the root has degree k, the vertices adjacent to the root have degree three,
and all other vertices are leaves. In total, the Halin graph obtained this way has
n = 3k + 1 vertices and k + 1 inner vertices. Table 4 contains the values of the
signless Laplacian spectral radius of these graphs for the values of n between 100
and 502, together with the upper bounds (3), (4) and (7), with relative errors given
in parentheses. We notice that the best bound in Table 3 is (4), while in Table 4 it
is (3); moreover, (4) does not give useful results if ∆ is considerably smaller than n.

n µ (3) Rel. error (4) Rel. error (7) Rel. error

100 98.0421 100.0612 (2.06%) 100 (2.00%) 100.9223 (2.94%)
200 198.0205 200.0303 (1.01%) 200 (1.00%) 200.9606 (1.48%)
300 298.0136 300.0201 (0.67%) 300 (0.67%) 300.9736 (0.99%)
400 398.0101 400.0151 (0.50%) 400 (0.50%) 400.9801 (0.75%)
500 498.0081 500.0120 (0.40%) 500 (0.40%) 500.9841 (0.60%)

Table 3. The spectral radius and the upper bounds for the first type of Halin graphs.
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