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Abstract

We show that graph equation W (L2(T )) = W (T ), where T is a tree, W (T ) its Wiener index and L(T )
its line graph, has infinitely many nonhomeomorphic solutions among open quipus. This gives a positive
answer to the 2004 problem of Dobrynin and Mel’nikov on the existence of solutions with arbitrarily large
number of arbitrarily long pendant paths, and disproves the 2014 conjecture of Knor and Škrekovski.
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1. Introduction

The Wiener index of a graph is the sum of distances between all pairs of its vertices. It was suggested
as the structural descriptor of acyclic organic molecules by Harry Wiener in 1947 [38], due to its high corre-
lation with the paraffin boiling points. Its relations to several further properties of organic molecules were
subsequently discovered, and it is now widely used by chemists in quantitative structure-activity relationship
studies (see, e.g., [10] for an overview of applications of the Wiener index and [40] for an extensive survey;
some further recent developments may be found in [1, 17, 20, 31, 35]). Wiener index attracted attention of
mathematicians in late 1970s when it was introduced in graph theory under the names distance of a graph
and transmission of a graph [16, 34, 36], and is further studied in the form of average distance of graphs
and networks [7, 8]. (As a matter of fact, in the same paper [38] Harry Wiener had proposed yet another
structural descriptor, the so-called Wiener polarity index, that only recently started to receive attention of
mathematicians [15, 32, 33].)

Let G be a graph with the vertex set V (G) and the edge set E(G). The line graph L(G) has the vertex set
V (L(G)) = E(G), with two vertices of L(G) adjacent if and only if they have a common endvertex as edges
of G. The iterated line graph Ln(G) for a positive integer n is recursively defined as Ln(G) = L(Ln−1(G)),
where L0(G) = G. The size of Ln(G) rapidly increases for most graphs reflecting the branching (and the
complexity) of G. An accepted opinion in the mathematical chemistry community [13] is that it may be
of interest to characterize molecular graphs by means of structural descriptors calculated for their derived
structures. Iterated line graphs serve as a good example of derived structures, since their invariants have
been already used for characterizing branching of acyclic molecular graphs [3], establishing partial order
among isomeric structures [4], evaluating structural complexity of molecular graphs [18] and designing novel
structural descriptors [19].

A problem that raised considerable interest among graph theorists is the equation

W (Li(T )) = W (T ) (1)
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for a tree T and a positive integer i. It has no solutions for i = 1 among nontrivial trees, due to the seminal
result of Buckley:

Theorem 1. [5] For every tree T holds W (L(T )) = W (T )−
(
n
2

)
.

The case i > 3 has been fully resolved only recently in a series of papers [2, 21, 22, 23, 24, 25, 26] where
it was shown that, for i > 3, Eq. (1) has a solution among nontrivial trees if and only if i = 3 and T is
homeomorphic to a particular tree Ha,b,c described as follows: Ha,b,c is a tree on a+ b+ c+ 4 vertices, out
of which two vertices have degree 3, four vertices have degree 1, and the remaining vertices have degree 2.
The two vertices of degree 3 are connected by a path of length 2. There are two pendant paths of lengths
a and b attached to one vertex of degree 3, and two pendant paths of lengths c and 1 attached to the other
vertex of degree 3. Then

W (L3(Ha,b,c)) = W (Ha,b,c)

if and only if there exist j, k ∈ Z such that

a = 128 + 3j2 + 3k2 − 3jk + j,

b = 128 + 3j2 + 3k2 − 3jk + k,

c = 128 + 3j2 + 3k2 − 3jk + j + k.

Note that the smallest such tree has 388 vertices, which is way out of reach of the brute force power of
modern day personal computers.

To complete the study of Eq. (1) it remains to resolve the case i = 2. Trees satisfying

W (L2(T )) = W (T ) (2)

have been enumerated up to 17 vertices in [10] and up to 26 vertices in [11]. A few infinite families of
trees satisfying (2) have been constructed by Dobrynin and Mel’nikov [11, 12, 13, 14] and by Knor and
Škrekovski [28]. However, all known examples of trees satisfying this equation have at most 4 vertices of
degree > 3 and at most 4 paths whose lengths can be arbitrarily large. These findings motivated Dobrynin
and Mel’nikov to pose the following problem.

Problem 2. [11] Find an infinite family F of trees T satisfying Eq. (2) such that for arbitrary n,m ∈ N
the family F contains a tree T with at least n pendant paths each having length at least m.

In addition, let T ′ be the set of trees that have no vertices of degree 2 and such that T ′ ∈ T ′ if and only if
there exists a tree T homeomorphic to T ′ such that W (L2(T )) = W (T ). The fact that all known examples
of such trees T have at most four vertices of degree > 3 led Knor and Škrekovski to further pose

Conjecture 3. [28] T ′ is a finite set.

We resolve both Problem 2 and Conjecture 3. Since both questions are related to the existence of trees
with arbitrarily large number of vertices of degree at least 3 and arbitrarily long pendant paths, we opt to
search for solutions of Eq. (2) among trees having the form depicted in Fig. 1, as they are well suited for both
of these requirements. These trees, which have maximum degree three and in which the vertices of degree
three induce a path, are called open quipus by Roo and Neumaier [39]. They are extensively studied in the
problem of characterizing graphs with a given diameter and minimal spectral radius [6, 9, 29, 30, 37, 41], as
they represent examples of graphs whose spectral radius is small—at most 3

2

√
2 (other such graphs being

closed quipus, in which vertices of degree three induce a cycle, and a dagger, obtained from a path by
adding three pendant vertices at one of its endvertices [39]). Our computer searches showed that Eq. (2) has
an abundance of solutions among open quipus, and their careful mining enabled us to prove the following
theorem which positively answers Problem 2 and disproves Conjecture 3.

Theorem 4. For each natural number t ≥ 5, there exists an open quipu Q satisfying W (L2(Q)) = W (Q)
such that Q contains 12t2− 201 vertices of degree three and each pendant path of Q, other than two pendant
edges, has length either 8t2 − 136 or 8t2 − 135.
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Figure 1: The open quipu Q(3, 1, 4, 2, 4, 5).

In Section 2 we first discuss the Wiener index of open quipus and their quadratic line graphs, and then
illustrate the abundance of solutions of Eq. (2) among open quipus. A proof of Theorem 4 is given in
Section 3.

2. The Wiener index of open quipu and its quadratic line graph

The formal definition of an open quipu and the terminology we use is as follows.

Definition 1. For n > 3 let the vertices u0, u1, . . . , un, un+1 form a path of length n + 1. The comb is
obtained from this path by attaching a pendant vertex vi to each ui for i = 1, . . . , n. Let h = (h1, . . . , hn)
be a vector of n positive integers. The open quipu Q(h) is constructed by subdividing (if necessary) each
edge uivi of Qn to a path of length hi for i = 1, . . . , n. We refer to the path u0, u1, . . . , un, un+1 as the main
string of Q(h), and to the path obtained by subdividing the edge uivi as the i-th cord of Q(h). The number
n is called the width of Q(h), while the largest length of a cord of Q(h) is called its height.

As we want the main string and the cords to partition V (Q(h)), we will exclude the vertex ui from the i-th
cord in forthcoming considerations. Figure 1 shows an example of an open quipu Q(3, 1, 4, 2, 4, 5). In the
search for solutions of Eq. (2), we will often identify the open quipu Q(h) and its defining vector h.

Definition 2. The open quipu Q(h) and its defining vector h are both said to be admissible if Q(h) satisfies
Eq. (2), i.e., if W (L2(Q(h))) = W (Q(h)).

The open quipu of Figure 1 satisfies W (L2(Q(3, 1, 4, 2, 4, 5))) = W (Q(3, 1, 4, 2, 4, 5)) = 1882, so that h =
(3, 1, 4, 2, 4, 5) is an admissible vector. Other examples of admissible vectors of small width include (1, 2, 19),
(2, 1, 1, 3), (1, 3, 2, 3, 2) and (3, 3, 2, 3, 3, 3).

We now compute the Wiener index of the open quipu Q(h) and its quadratic line graph. By classifying
the vertex pairs in Q(h) according to their membership to the main string and the cords, and by using the
well-known fact that the Wiener index of a path on n vertices is equal to 1

6 (n− 1)n(n+ 1), reported for the
first time in [16], we obtain

W (Q(h)) =
1

6
(n+ 1)(n+ 2)(n+ 3) (within the main string)

+

n∑
i=1

1

6
(hi − 1)hi(hi + 1) (within the cords)

+

n+1∑
x=0

n∑
i=1

hi∑
y=1

(
|x− i|+ y

)
(between the main string and the cords)

+
∑

16i<j6n

hi∑
x=1

hj∑
y=1

(
j − i+ x+ y

)
(between different cords),
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which after simplification gives

W (Q(h)) =
1

6
n3 + n2 +

11

6
n+ 1

+
1

6

n∑
i=1

h3i +

(
1

2
n+ 1

) n∑
i=1

h2i +

(
1

2
n2 + 2n+

11

6

) n∑
i=1

hi

+

n∑
i=1

i2hi − (n+ 1)

n∑
i=1

ihi

+
∑

16i<j6n

hi∑
x=1

hj∑
y=1

(
j − i+ x+ y

)
.

Similarly for L2(Q(h)) we have

W (L2(Q(h))) = 3n+
∑

16i<j6n

[
9(j − i) + 6)

]
(within the main string)

+

n∑
i=1

1

6
hi(hi − 1)(hi − 2) (within the cords)

+

n∑
x=1

n∑
i=1

hi−1∑
y=1

(
3|x− i|+ 3y + 1

)
(between the main string and the cords)

+
∑

16i<j6n

hi−1∑
x=1

hj−1∑
y=1

(
j − i+ x+ y

)
(between different cords),

which after simplification gives

W (L2(Q(h))) =
2

3
n3 + 2n2 − 2

3
n

+
1

6

n∑
i=1

h3i + n

n∑
i=1

h2i +

(
n2 + n− 1

6

) n∑
i=1

hi

+ 2

n∑
i=1

i2hi − 2(n+ 1)

n∑
i=1

ihi −
∑

16i<j6n

2hihj

+
∑

16i<j6n

hi∑
x=1

hj∑
y=1

(
j − i+ x+ y

)
.

Hence

W (L2(Q(h)))−W (Q(h)) =
1

2
n3 + n2 − 5

2
n− 1

+
n

2

n∑
i=1

h2i +

(
1

2
n2 − n− 2

) n∑
i=1

hi −

(
n∑

i=1

hi

)2

+

n∑
i=1

i2hi − (n+ 1)

n∑
i=1

ihi.

(3)

There are abundant solutions of Eq. (2) among open quipus. Using (3) we enumerated by brute force
all admissible vectors h with small width and height. Table 1 contains the counts of admissible vectors of
width n and height q for 3 6 n 6 14 and 2 6 q 6 10. Investigating these admissible vectors for patterns,
we find many that have two different cord lengths only, and still many whose cord lengths are equal just to
a and a + 1 for some fixed a. We will refer to such admissible vectors and the corresponding open quipus
as balanced in the sequel. Further analysis of the pairs (n, a) among the enumerated examples of balanced
admissible vectors shows the concentration of the value a around d 23ne − 2. Table 2 contains the counts
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n
q 2 3 4 5 6 7 8 9 10

3 0 0 0 0 0 0 0 0 0
4 0 2 0 0 0 2 0 0 2
5 0 2 12 16 10 17 14 14 13
6 0 2 48 98 216 297 338 325 582
7 0 0 5 132 707 1 633 2 580 3 788 4 909
8 0 0 0 98 1 450 7 556 20 038 40 696 63 418
9 0 0 0 0 999 17 440 95 532 294 414 650 410
10 0 0 0 0 158 27 919 448 170 2 665 731 9 066 164
11 0 0 0 0 0 2 642 228 851 3 468 250 21 505 840
12 0 0 0 0 0 2 66 174 4 061 286 58 457 568
13 0 0 0 0 0 0 2 083 1 620 565 77 889 905
14 0 0 0 0 0 0 0 226 890 81 745 409

Table 1: The number of admissible vectors with small width n and height q.

of balanced admissible vectors for 6 6 n 6 38 and a = d 23ne − 2, and it clearly shows the abundance of
balanced admissible vectors in the case n = 3r and a = 2r − 2. In the next section we show that even such
a restricted subset of admissible vectors still contains an infinite family of solutions to Eq. (2).

r
(n, a)

(3r, 2r − 2) (3r + 1, 2r − 1) (3r + 2, 2r − 1)

2 2 1 0
3 0 17 0
4 0 16 0
5 42 102 0
6 537 116 0
7 1,698 957 0
8 4,856 1,201 21
9 60,019 6,024 10
10 750,127 14,034 16
11 2,399,708 83,337 168
12 12,220,854 150,434 1,143

Table 2: Number of admissible balanced vectors for various pairs of (n, a).

3. Balanced open quipus

In this section we search for solutions to Eq. (2) among balanced open quipus, i.e. those corresponding
to admissible vectors h = (h1, . . . , hn) with hi ∈ {a, a+ 1} for i = 1, . . . , n where a is fixed. Let εi = hi − a
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for i = 1, . . . , n. Then ε2i = εi as εi ∈ {0, 1}, and we have

n∑
i=1

hi = na+

n∑
i=1

εi, (4)

n∑
i=1

h2i = na2 + (2a+ 1)

n∑
i=1

εi, (5)

n∑
i=1

ihi =
n(n+ 1)

2
a+

n∑
i=1

iεi, (6)

n∑
i=1

i2hi =
n(n+ 1)(2n+ 1)

6
a+

n∑
i=1

i2εi. (7)

Plugging (4)-(7) back into (3) we obtain

W (L2(Q(h)))−W (Q(h)) =
2a+ 3

6
n3 − a2 + 3a− 2

2
n2 − 14a+ 15

6
n− 1

+
n2 − (2a+ 1)n− 4

2

n∑
i=1

εi −

(
n∑

i=1

εi

)2

+

n∑
i=1

i2εi − (n+ 1)

n∑
i=1

iεi.

(8)

Based on observed patterns of balanced admissible vectors, we were able to further restrict our search by
assuming that the vector of differences (ε1, . . . , εn) consists of a sequence of p−4 ones, among which four zeros
are interspersed, followed by a sequence of n− p zeros. For given positive integers x < y < z < w 6 p < n,
let

εi =

{
1 if 1 6 i 6 p and i 6∈ {x, y, z, w},

0 otherwise.

Then

n∑
i=1

εi = p− 4,

n∑
i=1

iεi =
p(p+ 1)

2
− (x+ y + z + w),

n∑
i=1

i2εi =
p(p+ 1)(2p+ 1)

6
− (x2 + y2 + z2 + w2),

so that (8) becomes

W (L2(Q(h)))−W (Q(h)) =
2a+ 3

6
n3 − a2 + 3a− p+ 2

2
n2

− 3p2 + 6ap+ 6p− 10a+ 3

6
n+

2p3 − 6p2 + 34p− 54

6

+ (n+ 1)(x+ y + z + w)− (x2 + y2 + z2 + w2).

(9)

Further mining among small admissible vectors of this form suggested the choice of values

n = 12k + 3, a = 8k, and p = 6k + 6,
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which, when substituted in (9), finally restores some order in the expression:

W (L2(Q(h)))−W (Q(h)) = −74k2 − 49k + 19 + (12k + 4)(x+ y + z + w)− (x2 + y2 + z2 + w2)

= −(6k + 2− x)2 − (6k + 2− y)2 − (6k + 2− z)2 − (6k + 2− w)2

+70k2 + 47k + 35.

Hence for h to be an admissible vector, we need to have

(6k + 2− x)2 + (6k + 2− y)2 + (6k + 2− z)2 + (6k + 2− w)2 = 70k2 + 47k + 35. (10)

By Lagrange’s four-square theorem, this equation has a solution for x, y, z, w for any fixed k. However, we
cannot rely on it solely, as we also need x, y, z, w to be distinct and belong to {1, . . . , 6k+ 6}. On the other
hand, it is easy to see that

70k2 + 47k + 35 = (6k + 1)2 + (5k + 1)2 + (3k + 4)2 + (k + 17).

Hence a solution to (10) necessarily exists when k + 17 is a perfect square. If

k = t2 − 17

where t > 5 is an integer, then such solution is given by

x = 1,

y = k + 1 = t2 − 16,

z = 3k − 2 = 3t2 − 53,

w = 6k + 2−
√
k + 17 = 6t2 − t− 100.

Further,

n = 12k + 3 = 12t2 − 201,

a = 8k = 8t2 − 136,

p = 6k + 6 = 6t2 − 96,

so that an admissible vector ht, for any t > 5, is given by

hti =

{
8t2 − 135 if i 6 6t2 − 96 and i 6∈ {1, t2 − 16, 3t2 − 53, 6t2 − t− 100},

8t2 − 136 otherwise.

This admissible vector corresponds to an open quipu Q(ht) satisfying W (L2(Q(ht))) = W (Q(ht)), which
has 12t2− 201 vertices of degree three and cords of length either 8t2− 136 or 8t2− 135, proving Theorem 4.

4. Concluding comments

Unlike the third degree equation W (L3(T )) = W (T ) which has very specific solutions only, the second
degree equation W (L2(T )) = W (T ) has an abundance of solutions. We were able to solve the problem
of Dobrynin and Mel’nikov and disprove the conjecture of Knor and Škrekovski by identifying an infinite
set of solutions to Eq. (2) through a series of specializations: first by reducing the search for solutions to
the class of open quipus, then by considering open quipus with two different cord lengths only, and finally
by assuming those lengths to be consecutive numbers. A complete characterization of the solutions of the
equation W (L2(T )) = W (T ) seems to be out of our reach at present.
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